MATH 1314 - College Algebra
Graphs of Polynomials

n-1

A function that can be put in the form pP(X) = anxn +an_1X +! +aX+aq),wherenisa

nonnegative integer and a,, = 0, is called an n-th degree polynomial. anx” is called the leading
term of the polynomial, a, is called the leading coefficient, and &, is called the constant term. A
polynomial is in standard form when it is written in descending order of the powers of the variable.

Example: p(X) = 2 x4 —2.9x3— x-/3 is a 4-th degree polynomial written in standard form. Its

leading term is ;x4 its leading coefficient is

3 and its constant terms is —w/Z_S.
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The graph of a polynomial is a smooth, connected curve.

Short-term Behavior
An n-th degree polynomial will have, at most:

N X-intercepts,

n-1 relative extrema (peaks and valleys, formally called "relative maxima" and "relative

minima," respectively),

nN-1 turning points (where the function changes from increasing to decreasing or vice versa).
Every polynomial will have exactly one y-intercept, which is given by the constant term.
The x- and y-intercepts, relative extrema, and turning points of a polynomial’s graph are often
referred to as the short-term behavior of the polynomial.

Long-term Behavior

As a polynomial is graphed farther and farther to the left or right, the graph eventually turns up and
continues up from then on or turns down and continues down from then on. This fact is referred to
as the long-term behavior or end behavior of the polynomial. Some texts describe the "tails" of
the graph of a polynomial in terms of the ultimate direction of the graph as X — % (meaning as X
gets bigger and bigger, increasing without bound, so referring to what the tail of the graph does on
the far right side) or as X — —o (meaning as X gets smaller and smaller, decreasing without bound,
so referring to what the tail of the graph does on the far left side). Because as X = or X" #$ ,
the leading term becomes dominant (gets much bigger in absolute value than any of the other terms)
the leading term determines the letagm kehavior of a polynomial

Long Term Behavior of an Even Degree Polynomial: If the degree of a polynomial is even and
the leading coefficient is positive, both tails go up. In math notation we write “ f(x) —>oo as

x " +#”. If the degree of a polynomial is even and the leading coefficient is negative, both tails go
down. In math notation we write “ f(x) —>-% as x — xx”.

Long Term Behavior of an Odd Degree Polynomial: If the degree of a polynomial is odd and the
leading coefficient is positive, the tail on the left goes down and the tail on the right goes up. In
math notation we write “ f (X) ——o asx —-o"and “ f(X) —o as X — »”. If the degree of a
polynomial is odd and the leading coefficient is negative, the tail on the left goes up and the tail on
the right goes down. In math notation we write “ f(x) —o asx ——c”and “ f(x)" #3$ as

X —> 007,
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Example 1
p(x) =2x3" 3x%" 12x
-L7) Y
14
as x —>—oo,
Ty v
as X" #,
y —> 00
(2,-20)

3 X-intercepts, 2 local extrema, 2 turning points

Example 2
p(x)=" 263" 3x2 +12x" 10

x:%

123 5 x

(-2,-30)

as x — —oo,
y%OO

as x — o,
y —> —©

1 X-intercept, 2 local extrema, 2 turning points

Example 3 Example 4
p(x)=3x* " 8x% +6x2 p(X) =-03x* +04x3 +3.6x2 -3
y (3,15.9)
as as x” #y,
X" #Y, )
v H (234) 51 Y
as X" #,
as x —> o, X y© o#$
- 3
yo# \”!’(6,—%
©00) 1 i

1 X-intercept, 1 local extremum, 1 turning points

4 X-intercepts, 3 local extrema, 3 turning points

Example 5
p(X) =0.6x> —1.5x* —4x> +12x> -10

y
(-2,26.8)
as x” #9,
y —> —00

as x —> o,

g y—> 0

\./ T
(0~-10)

3 X-intercepts, 2 local extrema, 2 turning points

Example 6

pX) = —0.6X> +1.5x* +5x3 —9x> +1.5

y (3,31.2)

(-2,-31.2)

5 X-intercepts, 4 local extrema, 4 turning points
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