MATH 1314 — College Algebra - Inverse Matrices

The n xn identity matrix has 1’s on the main diagonal and 0’s everywhere else and is

named /. For example, the 2" 2 identity matrix is

0
]J. If an identity matrix / is

multiplied with a matrix 4 of the same size, the result is the matrix 4; that is /J4=AI=A. For
example,

1 0]|2 -5|_ 12 -5

0o 1[-3 7| -3 7
An n x n matrix 4 may have a corresponding n x n matrix denoted A~! such that the

product of 4 and A Listhe nxn identity matrix; that is, AlA=4Aa" =1 A7Vis called

1 4 -1
the inverse matrix of 4. For example, the inverse matrix of A = _— is A = 7 }

_[42+(D(7) 4Q+-D4]_[1 0]_,
| o

-72)+2(7) -7)+2(4)
One way to determine the inverse of an n x n matrix A is to write an N x 2n matrix in
which the left half consists of the elements of the matrix 4 and the right half consists of the
elements of the n x n identity matrix. Then Elementary Row Operations are performed on
this n x2n matrix until the left half has been changed into the n x n identity matrix. The

12) +0(=3) 1(=5)+0(7)
02)+1(=3) 0(=5)+1(7)

4 1112 1
because A_lA =
-7 2||7 4

elements in the right half are the elements of A7, For example, to determine the inverse of
2 1 0
A=
[7 0 1

Operations on this 2 x 4 matrix until the left half is the 2" 2 identity matrix. This process
1 0 4 —l]
SO

1 -7 2

, we would first write

}. Then we would perform Elementary Row

will be demonstrated in class. The resulting 2 x 4 matrix is

" #4 n 1
Al %07 5 (- Note: Notevery nxn matrix has an inverse matrix, in which case the

procedure just described can’t be carried out successfully.

A system of n linear equations with n variables can be solved using an inverse matrix.
First, the system is written in standard form with all of the variable terms in the same order
on the left sides of the equations and only constants on the right sides. Then, the system is
written in the form AX = B, where A4 is the coefficient matrix, X is a column matrix
consisting of the names of the variables, and B is a column matrix consisting of the constants
from the right sides of the equations. Then both sides of AX = B are multiplied by the

inverse of the coefficient matrix, so A_I(AX )= A_I(B).
But multiplication of matrices is associative so the left side simplifies:

A_l(AX) = (A_lA)X =1(X)=X. Theresultis X = A 1B. In other words, to solve a system
of n linear equations with n variables we can multiply the inverse of the coefficient matrix
and the column of constants.
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For example, the system

1s written

2x+y=4
Tx+4y=11

2 1) |x| [4 2 1% X “49
=| |, where A=§7 ', X=| [,and BZ%'.
7 4|ly| 11 4& y 1

4 -1
The inverse of this coefficient matrix (as demonstrated on the other side) is Al= [ }

_ [_56]. |

16-11
-28+22

X

y

Then =X= A_lB =

~1[4]_[4@&+@Enan]
-7 2|l | =1 +2an |

Sox=5and y="6.
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