MATH 1333 Day 18  Mon  Mar 30, 2009               Topic P.  Exponential Models and Model Comparison

1. Go over quiz.
2. Look at the graphs on Topic P, pages 1 and 5, to see the shape of an exponential model.  If the data looks like this, we should fit an exponential model rather than a linear or quadratic model.

3. Download and open the Topic P class worksheet from the textbook web page.  

4. Look at the “Scratch pad” sheet.   I’ve already started it for you.  

5. Use your spreadsheet to graph one or two of these formulas.   
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6. For each of the above formulas, identify whether it is exponential growth or decay, the growth rate, and the initial amount.  (See definitions of these on Topic P, page 1)   
What is the pattern on the graph that indicates whether it is exponential growth or decay?  
What is the pattern in the parameters that indicates whether it is exponential growth or decay?

Answers:  Exponential growth gets further from zero as the x-values increase.   
Exponential decay gets closer to zero as the x-values increase.  
7. For the population dataset (starts in 1780) in the scratch pad page, change the input variable to be “years since 1780.”  Then make a copy of the Exponential Model Template and put it in the blank worksheet.  Then copy this population data into it and fit an exponential model.

8. For the sales dataset in the scratch pad page, change the input variable to be “years since __.”  (Pick an appropriate value.) Then make a copy of the Exponential Model Template and put it in the blank worksheet.  Then copy this sales data into it and fit an exponential model.

9. Now read Topic P Examples 8 and 9, and modify your answer for the sales dataset above in the way indicated in Example 9.  

10. All students:  More practice.   There are four sets of practice problems for you to use to practice fitting linear, quadratic, and exponential models.  Find those in four Excel workbooks beside Topic P in the textbook materials.   Practice with the first one of those workbooks. 

11. To learn to do this efficiently:  It is not essential in this course that you spend a lot of time becoming EFFICIENT at finding good parameter values by estimation, but it is useful for you to know a systematic way to do it.    You have already learned to do that for linear and quadratic models.    It is somewhat more complicated for exponential models, but you’ll have some time to practice it.  Practice now with the second one of those workbooks.

12. The material on the third and fourth pages of this handout is a “technical math” description of how to do this.  Don’t look at it until you already have a feeling for how to do this.  Then look at it to see whether you can identify in it some of the ideas you already know.   This is an exercise in reading technical material.  Now practice these ideas on the second one of those practice workbooks.
13. Now read Topic P, pages 11 (end of page) and 12 and do Example 10.  
Homework:  

Topic P:  11, 13, 15, 19, 21, 23   
Quiz:   (4 problems)   
1. (20 pts) Use a graph on paper and a calculator to find all solutions to 
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  on             [-90º,450º] .  Include your graph and indicate where the solutions are.  
2. (20  pts) Use a graph on paper and a calculator to find all solutions to 
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  on           [-180º,360º] .  Include your graph and indicate where the solutions are.  

Open the Models workbook, save it with your name and the date, and then do he last two of these problems in it.  Send me this workbook in the Blackboard Digital Drop Box.  Call it Quiz for October 27.
3. (30 pts). Do Topic P, problem 17.  Write the following on the piece of paper you turn in for your quiz.    
a.  Which variable is the input variable and which is the output variable.
b. What are the first two rows of data you have after you modify the dataset as indicated in problem 17.

c.  There is nothing to write for this part.
d.  Tell me what parameters you found for your model, labeling them “initial value” and “growth rate.”  Then tell me the formula.
e.  What is the growth rate given by this model?  (Notice that this is the growth rate per year, since the input value is measured in years.)
f.  What world population does this model predict for 2000?  Tell me what input value you used in your model and what output you got.    (You could check this using your calculator by plugging your input value for the year 2000 into the formula you found in part d here.
4. (30 pts) Problem 18.  Write the following on the piece of paper you turn in for your quiz.  

a.  There is nothing to write here.

b.  Write the first two lines of the dataset as you will use it in this problem (without the date modified – use it as originally given.)

c.  There is nothing to write for this part.

d.  Write the formula you found for this part.

e.  What is the growth rate given by this model?

f.  What world population does this model predict for 2000?  Tell me what input value you used in your model and what output you got.    (You could check this using your calculator by plugging your input value for the year 2000 into the formula you found in part d here.

FINDING PARAMETER VALUES THAT FIT A MODEL TO A DATASET

How does Models.xls implement mathematical models?


The Models.xls workbook (or a similar workbook derived from it) provides a way for a dataset of x and y values (in columns A and B, respectively) to be matched to y predictions computed for that x value with a model formula (in column C).  The model formula makes use of the values of a few parameters in column G.  Changes to these parameters will thus change all the column C values.  The model-fitting process consists of finding values for the parameters which make the column C model values come as close as possible to the column B data values.  

The simplest way to find reasonable parameter settings is to make a scatter-plot graph of columns A, B, and C together, which will display the data and the model predictions on the same scale.  When good parameter settings have been found, the two graphs will overlap as closely as possible.  Once the graphs match well visually, the numerical differences between the data y value and the model y prediction (computed in column D) can sometimes be used to make fine adjustments to the parameter settings.

In general, the model will not fit the data exactly.  If the deviations from the model are randomly above and below it, they represent noise in the data — in such a case, probably no other model would do better.  On the other hand if several positive and negative deviations are grouped with others of the same sign, this indicates the model does not fit the data well, perhaps because the kind of model formula being used cannot produce a shape similar to that of the data.
Summary of systematic curve-fitting techniques

· Make a graph showing the data and model points, so you can observe how good the fit is.

· First set the position parameters to approximate values, based on the kind of model: 

· Quadratic — estimate the vertex x and y parameters from the graph

· Linear — estimate the intercept as the data y value for the x value closest to zero.

· Exponential — estimate the initial value as the data y value for the x value closest to zero.

· If no x value is close to zero, redefine the data or formula by subtracting the first x value.

· Estimate a beginning value for the other parameter from the graph or first two data points.

· Linear slope — set to the difference of the y values divided by the difference in x values.

· Exponential growth rate — set to the ratio of the second y  to the first, with 1 subtracted.

· Quadratic shape — positive if the ends curve up, negative if the ends curve down

· Adjust the parameter values systematically to improve the initial estimates.

· Change the first significant digit by 1, observing if this moves the model toward the data

· Continue first-digit changes in the right direction until the model graph crosses the data.

· Once the first digit is known, adjust the second digit.

· Readjust the other parameter(s) to the same precision.

General fitting strategies for a systematic rather than trial-and-error search

Begin with position parameters:  For most model formulas, the main effect of one or two of the parameters is to change the vertical or horizontal position of the graph.  For linear models, the intercept parameter moves the line up when it is set to positive values and down for negative ones.  For quadratic models, the x and y vertex coordinates move the parabola without changing its shape.  For exponential models, the graph will move up and down as the initial value parameter is made higher or lower.

When the x values of the data include zero or a value close to it, a beginning intercept or initial value parameter can be set directly from the data, by using the y value from the point whose x value is closest to zero.  You may need to later readjust this slightly, but setting it to something close to its final value will make it much easier to find a good setting for the other parameter(s).  For a quadratic model, if the graph includes the vertex of the parabola, approximate values of the x and y coordinates of the vertex can be used in the same way.
If the x values of the data are all far from zero (as may be the case when the calendar year is used as x), it may be difficult to find good settings for the intercept or initial value parameters.  A useful tactic in this situation is to subtract the initial x value from the x values of all the data points.  This can be done in the dataset itself (e.g., changing “Year” into “Years since 1990”) or by a similar modification of the model formula (e.g., by replacing each “A3” representing x in cell C3 by the expression “(A3-1990)” before spreading the formula down column C).

Estimate a beginning value for the other parameter.  At the least, you should be able to tell if the parameter will be positive or negative.  For the shape parameters (such as slope, growth rate, or quadratic shape), you will often be able to figure out an approximate value by looking at the graph or the first few data values.  
· For linear slope, the difference of the first two y values is a reasonable slope to start with.
· For exponential growth rate, take the ratio of the first two terms then subtract 1.  
· For quadratic shape, start with 1 if the ends curve upward, or –1 if they curve downward.  
Take big steps first, then smaller ones, in sequential order.  Once you have a beginning value for a parameter, adjust it systematically, not randomly.  
· Change the first significant digit of the parameter setting by 1 and observe whether that change moves the model points on the graph toward or away from the data points.  

· Continue changing the first digit by 1 in the direction that moves the model toward the data, until you observe the model curve go from one side of the data shape to the other side (e.g., from too steep a line to too shallow a line).
· Now that you know that the correct value is between the last two numbers, adjust the second digit in the same way.  Usually two correct digits will be enough for a good fit.

· When you have found a good value for one parameter, readjust the other parameter(s) to the same number of digits.  It will be easier to decide on the best intercept value of a linear model, for example, when you have found a good value for the slope.

· For the best fit, continue this process to additional digits.  You will now need to use the numerical deviations instead of the graph to see how well the data and model match.  (Automated model-fitting processes that use a numerical measure of fit quality continue this polishing process until all parameters have the best possible values.)
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