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Topic G. Linear Equations – Algebra and Spreadsheets
Objectives: 

1. Understand slope of a line in two ways (graphically by rise/run, algebraic formula in x’s and y’s.)
2. Understand the y-intercept of a line in two ways (graphically as the intercept of the y-axis, algebraic formula in x’s and y’s.)

3. Algebraically, find the slope when given two points.  
4. Write the formula for the line in standard slope-intercept form and notice which number is the slope and which number is the y-intercept.  Interpret the slope and intercept.
5. Find the formula for a line when given the slope and one point on the line.

6. Find the formula for a line when given two points on the line.
7. Find the inverse formula, when needed, by interchanging the input and output variables.  Notice the relationship between the slopes of the formula and the inverse formula. 

8. Use a spreadsheet to explore the effects on the graph of changing the values of the slope and intercept.

	Summary of algebraic facts and interpretations:  



	Slope:

The slope of a line is 
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, where the two points 
[image: image2.wmf]11

(,)

xy

 and 
[image: image3.wmf]22

(,)

xy

are on  the line.
	Slope-intercept form:

If the formula is 
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where y and x are the variables and m and b are numbers, then the graph of this formula is a straight line with slope m and y-intercept b.

This can also be written as 
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	Point-slope form:

If the slope of a line is m and one point on the line is 
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, then the equation of the line can be written as  
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 which gives the formula: 
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	Interpret the slope:

m is the amount we expect y to increase when x increases by 1.

	Interpret the intercept:

b is the value of y when the value of x is zero.


We want to investigate the relationship between temperature Centigrade and temperature Fahrenheit in order to take temperatures from a news broadcast in Canada (in Centigrade) and convert them to temperatures that are easy for US citizens to understand (in Fahrenheit.)  We already know the formula for that and we know how to find points, plot them, and draw a graph.    (See Topic C: Formulas.)   
Here, the temperature Centigrade is the input value and the temperature Fahrenheit is the output value.  The formula is  
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 and following is a table of values and a graph.
	C

	F


	0

	32


	10

	50


	20

	68


	30

	86


	40

	104
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Slope
Notice that the graph appears to be a straight line.  That suggests that this is a linear relationship.  A relationship is linear if the same increase in the input always leads to the same increase in the output.   We can look at the table of values and see that, for every increase in C of 10(, there is an increase of 18( in F.   

In general, for a straight line with input variable x and output variable y, the slope is defined to be   slope = 
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, where the two points 
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are on  the line.

In the temperature example, we notice that the variable C plays the role of x and the variable F plays the role of y.  So we can compute the slope of the line using the two points (0,32) and (10,50).  Call the first point 
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Slope = 
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 degrees F per degree C.

For this to be a linear relationship, the slope must be the same no matter which two points on the graph you use to compute it.  Let’s try one more pair of points.    So we can compute the slope of the line using the two points (20,68) and (40,104).  Call the first point 
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Slope = 
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There are several more pairs of points from our table of values that you could easily try.  Try some of those and see if you get the same slope each time.  
Negative slope and positive slope.


Recall from algebra class that lines which are slanted down have negative slope and those slanted up have positive slope.  One important method of checking your work in computing the slope is to be sure that your graphs and algebra give results that are consistent with that.
	  y = 
[image: image20.wmf]-
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 y-intercept
In algebra class, we learned that the y-intercept of a graph is the value on the y-axis when x = 0.  That is easy to find using the formula for the line, because we only have to plug in x = 0 and find y.  

Since 
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,  when we plug in C = 0, then 
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When we look at the graph for this formula, go to C = 0, and find the point on the graph above that, the y-value appears to be about a little bit above 30.  To find a more precise estimate from the graph, we’d need a bigger graph.  This is consistent with the value of 32 that we found algebraically.  Understanding both of these provides a way of checking your work on either of them.
The formula for the line

Notice that both the slope and the y-intercept appear in the formula for the line.  In algebra class, you learned that 
a. Any equation in which x and y appear only to the first power is a linear equation.

b. The equation of a line can be written in a variety of ways, but if you take any of those and “solve for y” you’ll get a formula like 
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, where y  is the output variable, x is the input variable,  and m and b are numbers.   Then the slope is the coefficient of the x-variable and the y-intercept is the constant.  So  m is the slope and b is the y-intercept.   

For the temperature example, since F is the output value and C is the input value, and 
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, then we see from the formula that the slope is 1.8 and the y-intercept is 32.  

Interpret the slope and intercept

1. The y-intercept is the value for y when 
[image: image27.wmf]0.
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2. When the x-value increases by 1 unit, then the y-value increases by the value of the slope.

So, for the temperature problem, we found that if the temperature was 0( C, then it is 32( F.  And we also found that, if the temperature C increases by 1( C, then the temperature F increases by 1.8( F.  

Example 1.  For this formula:  
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, tell

a. Which variable is the output variable?

b. Which variable is the input variable?

c. Is it linear relationship?
d. If it is a linear relationship, what is the slope?
e. If it is a linear relationship, what is the y-intercept?
Solution:   
a.  The output variable is R.    

b.  the input variable is d.

c.  yes, it is a linear relationship because both variables appear only to the first power.

d.  the slope is 8.2 because that is the number multiplied by the input variable.

e.  the y-intercept is -6.3.

Example 2.  For this formula:  
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, find three points that fit this and use them to sketch a graph. 
Solution:  To find a point that fits this relationship, choose any value for the input variable.   (Generally we choose a value that is easy to compute with and to graph, such as a small whole number.)   Let’s begin by choosing 
[image: image30.wmf]2

d

=

.  Then compute the output value.  
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Now choose two other values for d and use them to compute the output values.  In the interests of saving space, we will omit the details.  

Choose 
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 and find that 
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Choose 
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Example 3. Determine whether these three points lie on a straight line by computing slopes:  (3,5) and (1,4) and (4,6).

Solution:  Find the slope of the line through (3,5) and (1,4).  
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Find the slope of the line through (3,5) and (4,6).  
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Since these two slopes aren’t equal, these three points are not on a straight line.
Check:  Check this by graphing the three points to see if they appear to lie on a straight line.  In the following graph, we have drawn the line between the points and it is clear that it is not the same straight line between all three points.
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Example 3.  A manager is considering the cost C of printing a book based on the number of pages p.  He is told that the formula for predicting the cost is linear based on the number of pages and that the y-intercept is $4.50 and the slope is $0.027.  Find the formula to predict the cost from the number of pages.

Solution:  Since it is linear, 
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, where 
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Thus 
[image: image44.wmf]0.0274.50

Cp

=+

 is the formula.
Example 4.  Find the formula for the line with slope 1.35  which has the point (5,40) on it.

Solution:  Let 
[image: image45.wmf]1.35
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Thus the equation of the line is 
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Check:  We can look at the formula and read the slope as 1.35, so that checks.  To see whether the given point is on it, evaluate the formula at 
[image: image49.wmf]5
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 and see whether it gives the correct y-value.  
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.  This checks!

We can use this same idea to compute the formula for a line if we have two points on it because we can first use the two points to find the slope.  Here’s an outline: 
Find the formula for of a line through two points. 

1. Choose the appropriate variable to be the output variable and call it y.  Then call the input variable x.  

2. Write two points as  
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.
3. Use the two points to compute the slope.  Call it m.
4. Pick one of the points (either is fine) and call it 
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5. Plug those values into this equation.  
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6. Solve for y.  That gives the equation of the line.
7. If different letters are needed besides x and y for the input and output variables, replace the x and y in the formula with those different letters.   
Example 5:   Find the formula for the line through (2,6) and (4,11).  
Identify the slope and y-intercept.

Solution:  Let 
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= (2,6) and 
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= (4,11).  
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  Now, to use the point-slope form, I will use 
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 So the equation of the line is  
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, the slope is 2.5,  the y-intercept is 1.
Check:  Use the formula we derived to determine the output value for 
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 and see if the given point is on the line.   
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. This tells us that (2,6) is on the line.

Use the formula we derived to determine the output value for 
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 and see if the second given point is on the line.   
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. This tells us that (4,11) is on the line.  So this checks.
Example 6.  We have been told that the amount of oatmeal needed for oatmeal cookies is linearly related to the amount of flour needed.  Also, we know that if we use 3 cups of flour, we need 2 cups of oatmeal.  And, of course, if we use 0 cups of flour, we will use 0 cups of oatmeal.  

a. Find the formula to predict the oatmeal needed (called M) from the flour needed (F.) 

b. Interpret the slope.

c. Interpret the y-intercept. 

Solution: a.   Here, the output variable (y)  is M and the input variable (x) is F.  

So the two points given are (0,0) and (3, 2).   

Using the slope formula, 
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cups of oatmeal per one cup of flour.

Then, to use the point-slope form of the line, we’ll use 
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 and the first point, which is (0,0).  
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So the formula is 
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, so the slope is 0.667 and the y-intercept is 0.

b.  Interpret the slope:  For every 1 additional cup of flour, we should use 0.667 additional cups of oatmeal.

c.  Interpret the intercept:  If we use 0 cups of flour, then we will use 0 cups of oatmeal.

This last example illustrates that sometimes the intercept is not a number that would be realistic in the situation that the problem describes.   But it does have a meaning in the algebraic formula.  
For a linear formula, the slope is always a number that is meaningful.

Additional examples:

Example 7:  Find the slope and intercept of the line 
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Answer:  The slope is -2.32 and the y-intercept is 7.89.

Example 8:  Find the slope and intercept of the line 
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Answer:  The slope is 9.2 and the y-intercept is 84.4

Example 9:  Find the slope and intercept of the line 
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Answer:  The slope is -93 and the y-intercept is 1127

Example 10:  Find the slope and the intercept of the line 
[image: image73.wmf]2178114
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Answer:  The slope is 2178 and the y-intercept is -114.

Example 11:  Find the formula for the line with slope -6.2 through the point (87.2, 112.7)

Solution:  
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Example 12:  Find the formula for the line through (8,5) and (13,17)

Solution:  
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Then, using this slope and the second point:   
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Example 13:  Find the formula for the line through (83.8, 79.9) and (232.7, 63.4)

Solution:  
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Then, using this slope and the first point:      
[image: image78.wmf]00

()

79.90.11(83.8)

79.90.119.218

79.979.90.119.21879.9

0.1189.118

yymxx

yx

yx

yx

yx

-=-

-=--

-=-+

-+=-++

=-+


Section 2.  Exploration by graphing.

We can also find lines just by graphing.  That may be useful itself in some situations even without finding the actual equation of the line.   And, if we have already found the equation of the line, we can use a graph to check our algebra.    


We have considered two types of problems in this topic.  

The first is finding a line when we have the slope and one point on the line.  To graph that by hand

1. Make a set of axes.

2. Graph the point.

3. Rewrite the slope as 
[image: image79.wmf]rise
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 and use that count over and up (or down) to make another point on the graph.

4. Connect those points by a line.

The second case is finding a line when we have two points on the graph.   To graph that by hand

1. Make a set of axes.

2. Graph one point.

3. Graph the other point.

4. Connect those points by a line.

In either of these cases, after we have the graph of a line, we can pick any point on that line and know it is supposed to fit the equation of the line.  So we can plug in the values for x and y into the algebraic formula we found.  If the graph is correct and the equation is correct, then the point will fit the equation.

Using a spreadsheet to graph lines allows us to try various possibilities quickly and easily.   The interesting case here is when we have two points and we want to explore various possible equations of a line.  
Example 14.  Use a spreadsheet to graph the line through the points (1,9) and (4,14).
1. Put the label x in cell A1 and enter the x-values:   A2 should have 1 and A3 should have 4. 

2. Put the label y in cell B1 and enter the y-values:   B2 should have 9 and B3 should have 14. 

3. Then select the data, with the labels.  Highlight it.  Then choose Insert > Chart and XY Scatter.   Choose one of the options that connects the data with curves.   Then click on “Next”.  In this box, check the “Columns” box to indicate that the data is arranged with the data values in columns.  This is  a VERY IMPORTANT step when you are only dealing with two points.   This step should not be necessary when you have more than two points.
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Example 15.  Continue with the previous spreadsheet to explore to find an equation of the line through the points (1,9) and (4,14).

4. Starting with the previous spreadsheet, look at the points and guess what the intercept and slope might be.   I guess that the intercept might be 2 and the slope might be 1.5.  So put those guesses in Column G.   In G2 put 2 and in H2 put the label “intercept.”  In G3 put 1.5 and in H3 put the label “intercept.”
5. In column C, put the label “y formula” in cell C1.  Then, in cell C2, put the formula for a line, 
[image: image80.wmf]ymxb
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, but put it in the appropriate form to use the values for the slope and intercept in column G and the x values in column A.   That is, in cell C2 put =$G$3*A2+$G$2.  
	
	A
	B
	C
	D
	E
	F
	G
	H

	1
	x
	y
	y formula
	
	
	
	
	

	2
	1
	4
	3.5
	
	
	
	2
	intercept

	3
	9
	14
	15.5
	
	
	
	1.5
	slope

	4
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6. Notice that the line for the formula is close, but not correct.  So adjust the values for the slope and intercept until it looks right.  First, it looks as if the intercept is actually a little higher than the formula indicates.  So try 3 for that.   And then it looks as if the slope is a little lower than the formula indicates.  So try 1.4 for that.  That looks better, but still not correct.
7. The intercept of 3 is still too large.  Try 2.8.   The slope of 1.4 is still too large.  Try 1.3.   This looks better, but it could still be improved upon.

8. Leave the intercept at 2.8 and try a slope of 1.25.  That looks pretty good on the graph.  The numbers in the formula column show that it is not quite correct, but this is about as good as we’d expect to get from just fitting by eye.   We can use algebra to find more precise values.  

	
	A
	B
	C
	D
	E
	F
	G
	H

	1
	x
	y
	y formula
	
	
	
	
	

	2
	1
	4
	4.05
	
	
	
	2.8
	intercept

	3
	9
	14
	14.05
	
	
	
	1.25
	slope

	4
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Using algebra here, as illustrated in Examples 5, 6, 11, and 12, we find that the equation of the line through the points (1,4) and (9,14) is  
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yx

=+

.  The formula we have found just by looking at the graph and approximating is very close to the correct formula.
Section 3.  Find the inverse formula for the line, which means interchanging the input and output variables.  

Consider the example on page 1 of this topic, about the temperature Centigrade  and the temperature Fahrenheit.  On page 1, we found the formula to compute F from C.   Here we will find the formula to compute C from F.    This requires exchanging the position of the variables.  Below is a table of values and a graph. 

	F

	C


	32

	0


	50

	10


	68

	20


	86

	30


	104

	40
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We can find the formula to predict C from F by two different methods.  The first method is to simply exchange the roles of C and F and use the same method as we have used throughout this topic.  The second method is to take the formula we already found and simply solve it for C.   Both methods will produce the same answer.  

	Method 1.  Find the slope using the first two points: (32,0) and (50,10)

Solution:  
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Then, using this slope and the first point: 
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	Method 2.  Start with
[image: image85.wmf]1.832
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 and solve for C.
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Notice that the solution in Method 2 makes it clear that the two slopes are reciprocals of each other.  (Reciprocals are numbers that, when you multiply them, give 1.)    This is not a coincidence, but instead is always exactly true when the two variables are exactly linearly related.

CAUTION:  


In later topics in this course, when we have data which do not have exactly a linear relationship, but it is close to a linear relationship, and we fit a linear model to the data, we can fit it with either variable as the output variable.  In that case, the two slopes of the two equations will not be exactly reciprocals because the method of fitting uses the noise in the output variable as part of the fitting method.  When you change which is the output variable, then that changes the noise that is used to fit the model.   As a general rule, if the data are very close to linear – that is, if the graph looks quite linear – then these two formulas will have slopes that are very close to reciprocals of each other.

Optional Section 4:   Adding formatting to the spreadsheet used to explore parameter values.


When you are just creating a spreadsheet to use for a few minutes, it is easy to remember what you put where and what it meant.   But it is also convenient to save some worksheets and use them again later.   When you do that, it is good to add some features that make it easier to remember what is where.  In this course, we will add several features to such spreadsheets.

1. We will make the cells in which we change numerical values green, so that it is easy to see at a glance what to change.

2. We will make the cells that are computed from those values we change yellow, so that it is easy to look at what numbers changed as a result of what we entered.

3. We will add a line that shows the formula with the numerical values we are using.

Because the colors don’t show in these printed materials, the example printed here in not completely satisfactory.  

Methods:

Color:   

To make cells a given color, choose the cells  (highlight them) and, from the menu, choose Format > Cells and then choose the “Patterns” tab.  From there, choose the color you want.  In this course, we will use green for input and yellow for computed values.    (We will also use blue for cells where there is a “check.”  That has not yet been illustrated in the examples.)

Formula:

To show the formula in the spreadsheet for Example 16 above in cell G1, use Excel’s CONCATENATE function in the following way.   

In G1 enter  =CONCATENATE("y=",G3," x + ",G2)
	
	A
	B
	C
	D
	E
	F
	G
	H

	1
	x
	y
	y formula
	
	
	
	y=2.8 x + 1.25

	2
	1
	4
	4.05
	
	
	
	2.8
	intercept

	3
	9
	14
	14.05
	
	
	
	1.25
	slope

	4
	
	
	

	5
	
	
	

	6
	
	
	

	7
	
	
	

	8
	
	
	

	9
	
	
	

	10
	
	
	

	11
	
	
	

	12
	
	
	

	13
	
	
	

	14
	
	
	

	15
	
	
	

	16
	
	
	


Exercises:

Part I.

1. For this formula:  
[image: image87.wmf]6.38.2
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, tell

a. Which variable is the output variable?

b. Which variable is the input variable?

c. Is it linear relationship?

d. If it is a linear relationship, what is the slope?

e. If it is a linear relationship, what is the y-intercept?
2. For this formula:  
[image: image88.wmf]6.38.2
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, find a three points that fit this and use them to sketch a graph. 
3. A manager is considering the cost C of printing a book based on the number of pages p.  He is told that the formula for predicting the cost is linear based on the number of pages and that the y-intercept is $4.50 and the slope is $0.027.  Find the formula to predict the cost from the number of pages.

4. Find the formula for the line with slope 1.35  which has the point (5,40) on it.
5. Find the formula for the line through (2,6) and (4,11).  
Identify the slope and y-intercept.
6. We have been told that the amount of oatmeal needed for oatmeal cookies is linearly related to the amount of flour needed.  Also, we know that if we use 3 cups of flour, we need 2 cups of oatmeal.  And, of course, if we use 0 cups of flour, we will use 0 cups of oatmeal.  

a. Find the formula to predict the oatmeal needed (called M) from the flour needed (F.) 

b. Interpret the slope.

c. Interpret the y-intercept. 
7. Find the slope and intercept of the line 
[image: image89.wmf]2.327.89
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8. Find the slope and intercept of the line 
[image: image90.wmf]84.49.2
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9. Find the slope and intercept of the line 
[image: image91.wmf]112793
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10. Find the slope and the intercept of the line 
[image: image92.wmf]2178114
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11. Find the formula for the line with slope -6.2 through the point (87.2, 112.7)

12. Find the formula for the line through (8,5) and (13,17)
13. Find the formula for the line through (83.8, 79.9) and (232.7, 63.4)
14. Use a spreadsheet to approximate the equation of the line through (1,4) and (9,14).

Part II.    Write your formulas for lines in point-slope form.  You may make the requested graphs by hand on graph paper or using a spreadsheet.  

15. For this formula:  
[image: image93.wmf]12.24.3
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, tell

a. Which variable is the output variable?  
b. Which variable is the input variable?  
c. Is it linear relationship?  
d. If it is a linear relationship, what is the slope?  
e. If it is a linear relationship, what is the y-intercept?  
16. A manager has proposed that the rent on apartments in one location will be linear based on the number of square feet in the apartment.  The y-intercept will be $160 and the slope will be $1.50.  Find the formula to predict the rent from the number of square feet in the apartment.

17. Janet’s recipe for split-pea soup has a linear relationship between the amount of carrots and the amount of onions.   When she uses 1.5 cups of carrots, she uses 1 cup of onions.  When she uses 3 cups of carrots, she uses 2 cups of onions.  

a. Find the formula to predict the onions needed (called N) from the carrots needed (C.)  
b. Interpret the slope.  
c. Interpret the y-intercept.  
18. Find the formula for the line through the point (2,8) with slope 2.    Check this by looking at the formula to see that the slope coefficient is 2 and then also plugging in the point (2,8) to confirm that it really does fit the equation.  
19. Find the formula for the line through the point (13.3, 117.8) with slope 2.7.  Check this by looking at the formula to see that the slope coefficient is 2.7 and then also plugging in the point (13.3, 117.8) to confirm that it really does fit the equation.    
20. Find the formula for line through the points (4,12) and (18,37).   Check this by plugging in the point that you DID NOT use in the last step to find the intercept, and be sure that it fits the equation.  

21. Find a formula for the line through the points (82.7, 227.2) and (105.3, 304.2).  Check this by plugging in the point that you DID NOT use in the last step to find the intercept, and be sure that it fits the equation.    
22. Find a formula for the line through the points (4,28) and (9,13).  Check this by plugging in the point that you DID NOT use in the last step to find the intercept, and be sure that it fits the equation.

23. Find a formula for the line through the points (58.2,102.7) and (75.8, 47.5).  Check this by plugging in the point that you DID NOT use in the last step to find the intercept, and be sure that it fits the equation.  
24. Use a spreadsheet to approximate the formula for the line through the points (4,12) and (18,37).  Use this to check your work in the previous problem (number 20) where you found the formula algebraically.

25. Use a spreadsheet to approximate the formula for the line through the points (82.7, 227.2) and (105.3, 304.2).  Use this to check your work in the previous problem (problem 21) where you found the formula algebraically.  
26. Use a spreadsheet to approximate the formula for the line through the points (4,28) and (9,13).  Use this to check your work in the previous problem (problem 22)  where you found the formula algebraically.

27. Use a spreadsheet to approximate the formula for the line through the points (58.2,102.7) and (75.8,47.5).  Use this to check your work in the previous problem (problem 23) where you found the formula algebraically.  
28. Find the formula for the line between (12,4) and (37,18).  Do this by either of the two methods in Section 3.  Compare the slopes of this line and the line you found in the problem 20, where you had the input and output variable switched.  Are they reciprocals?  (Hint:  multiply them together and see if you get 1.  If so, they are reciprocals.)

29. Find a formula for the line through the points (28,4) and (13,9).  Do this by either of the two methods in Section 3.  Compare the slopes of this line and the line you found in problem 22, where you had the input and output variable switched.   Are they reciprocals?  (Hint:  multiply them together and see if you get 1.  If so, they are reciprocals.)  
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