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Topic L.  Trigonometry, Part I.  Tangent Ratio in Right Triangles

We can solve many applications problems using proportionality in similar triangles.  Right triangles occur in many situations and the results about proportional right triangles have been systematized into a mathematical subject called trigonometry.  

Objectives:

1. Convert angle measurements from degrees-minutes-seconds to decimal degrees.

2. Use the vocabulary of angles and triangles:  acute, right, obtuse, and flat angles; vertices and sides of triangles, acute, right, and obtuse triangles.

3. Use the fact that the sum of the angles in a flat triangle is 180(.

4. Use proportionality to find sides in similar triangles.  

5. Use the vocabulary of opposite side, adjacent side, and hypotenuse in right triangles.

6. Find the tangent ratio of either of the smaller angles in a right triangle when the lengths of the sides are given.
7. Use the tangent function on a calculator to find the tangent of either of the smaller angles of a right triangle.

8. Use the arctangent function on a calculator to find an angle when given the tangent of the angle.   

Section 1.  ANGLE MEASUREMENT

In applied trigonometry, we measure angles in degrees.  When we want to measure more accurately than to the nearest degree, we can either use 
decimal degrees, such as 38.26(
or
degrees-minutes-seconds, such as 38( 15’ 36”.

In this course, all answers should be reported in decimal degrees.  However, angles in problems may be given with degrees in decimal degrees or in degrees-minutes-seconds.  Thus you must learn to convert.  
There are 60 minutes in a degree and 60 seconds in a minute.  When converting an angle measurement to use in an applied problem, if there is a long decimal part, you may round to three or four decimal places.
Example 1:  Convert 61( 27’  to decimal degrees.
Solution:  
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Example 2:  Convert 82( 10’ to decimal degrees.

Solution:  
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Example 3:  A very small angle is measured as 27’35”.  Convert to decimal minutes.

Solution:  Notice that since there are 60 seconds in a minute, this conversion works in the same way as that of the previous examples.      
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Example 4:  Convert 38( 15’ 37” to decimal degrees.

Solution:  It is easiest to work this in two steps.  

First convert the seconds to minutes:  
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.  So we have 38( 15.6167’
Then convert the minutes to degrees:  
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Section 2:  REVIEW OF TRIANGLES

Many mathematical measurements of size, distance, and direction are based on triangles, which are formed by the straight lines joining three points.  Each of the three corners formed by the lines is called an angle of the triangle, and the lines between the corners are called sides of the triangle.  The point where the lines forming the corner of an angle join is called a vertex (the plural of this originally-Latin word is vertices).  It is customary to use capital letters (such as A, B, and C) to label the vertices of a triangle.  The sides are usually referred to by either the lower-case letter matching the opposite angle (e.g., side a opposite the angle at vertex A) or by writing the labels of two vertices at each end with a line above them (e.g., the line 
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Standard triangle components:

   A, B, and C are vertices

   a is the side opposite A
In this course, the sizes of angles are always measured in degrees.  Degrees are defined so that turning 360 degrees puts you back facing the direction you started with.  A right or left turn on a rectangular street system is a turn of 90 degrees, also written as 90(.  Angles smaller than 90( are called acute angles, and angles between 90( and 180( are called obtuse angles.  An angle of 180( would have its two sides pointing in exactly opposite direction, and is called a flat angle.  An angle between 180( and 360( is called a reflex angle.
Example 5: Are any of the angles below obtuse?  Are any close to being right angles? (Use your protractor to check yourself.)
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Answer:  In Triangle 1, A1 is obtuse.   In triangle 4, A4 is a right angle.  

No other angle in these triangles is either obtuse or right.

Section 3.  SUM OF ANGLES IN A FLAT TRIANGLE IS 180(
Each angle inside a triangle is greater than 0( and less than 180(.  On flat surfaces, the three angles inside a triangle always add up to exactly 180(.  This useful fact permits the size of the third angle to be easily calculated when the sizes of the other two are known.

Strictly speaking, the surface of the earth is not a flat surface, but it is rounded.  So if we are thinking of triangles that spread over a significant portion of the earth’s surface, we should be hesitant to apply this rule and should instead investigate “spherical geometry” and “spherical trigonometry.”  In this course we will only consider triangles on the surface of the earth small enough to assume the surface is flat.  (We’ll use distances under 500 miles.)  
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Section 4.  SIMILAR TRIANGLES


Nested figures like those to the right (or the nesting boxes measured on the first class day) show that triangles of different sizes can have the same shape.  Figures with the same shape are called similar figures, and have these two important properties:

[a] The corresponding angles are equal.

[b] Lengths of corresponding sides have the same ratio.

These properties can be used to solve problems in which figures are known to be similar and two lengths are known for one figure, but only one corresponding length for the other figure.
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Example 6:  If a 25-inch shadow is made by a vertical post extending 35 inches above the ground at the same time that an 15-foot shadow is made by a vertical flagpole, how tall is the flagpole?


You should start all problems of this kind by drawing a diagram.  Since both the post and the flagpole are vertical, the angles at their base are the same.  Further, the sun is at the same angle for both objects, since they are measured at the same time in nearby places. 

Since two of the angles are the same, the triangles are similar, so the ratios of correspond​ing sides are equal.  Let H  be the height of the flagpole.  
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[image: image32.wmf]Example 7:  Triangles with the same angle sizes are still similar even if they are rotated or flipped over.  Which one of these triangles is not similar to the others?
Answer to Example 2:  Triangle B is not similar to the other three triangles.
Section 5.  [image: image33.bmp]RIGHT TRIANGLES

When two of the sides of a triangle are perpendicular to each other (such as when one is exactly vertical and the other is exactly horizontal, or when one meets the other like the sides of this sheet of paper), the triangle is called a right triangle, and that angle is called a right angle.  Right triangles are especially important in both geometric theory and in practical measurement applications.  Each right angle has a size of exactly 90(, one-fourth of the full-turn 360(.

Because the right angle can be formed by sides that have any desired length, right triangles come in many shapes, sizes, and orientations.  Here are some examples:



Since 180( is the sum of the size of all three angles of any triangle, the two acute angles of any right triangle add up to exactly 90(.  Such angles are called complements of each other.

 

Names of the parts of a right triangle:
Example 8:  For each of the triangles shown below, choose the larger of the acute angles to label as A, then mark the three sides of the triangle with HYP, ADJ A, and OPP A for the hypotenuse and the sides that are respectively adjacent to and opposite to your chosen A.


Answers:  




Section 6:  THE TANGENT TRIGONOMETRIC RATIO


Any two right triangles that have the same acute angle (for example, 52() are similar to each other.  This is because their other angles must be 90( (because they are right triangles) and 38( (because that is what is left of the 180( when 52( and 90( are subtracted).  This similarity means that the ratio of corresponding sides is the same.


The ratios of the sides of right triangles (called trigonometric ratios) are so widely used that they are given individual names for the different combinations.  One of the most important ones is the tangent ratio (abbreviated as tan), which is defined in terms of one of the angles of the right triangle and the related side lengths as:
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Thus the tangent of 52( is close to 1.28 because all triangles of that shape have an intermediate side that is 1.28 times the length of the shortest side.

Example 9: Compute a tangent ratio when the two needed sides are known.  In each triangle, compute the tangent ratio for the angle labeled A:
Solutions:  Case 1:  
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  Case 2:  
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Section 7:  TRIG RATIOS FROM A CALCULATOR OR SPREADSHEET

In many cases, what is known is the length of only one side, plus the size of the angle involved.  In these cases, use a scientific calculator to compute trigonometric ratios such as tangent from the angle size.  This is very easy once you figure out just how the trig functions work on your particular calculator, but there are a few pitfalls:


Degree mode:  Degrees are not the only way to measure angles, although they are by far the most common measurement in practical work and are all we will use in this course.  However, calculators can also work with two other angular measurements: radians (each radian is about 57.3 degrees) and grads (100 grads is exactly 90 degrees).  How the calculator interprets angle-size values is determined by a mode setting controlled by the DRG button that switches the calculator between degree, radian, and grad modes, marking which mode it is in by displaying a small DEG, RAD, or GRAD (or perhaps just a D, R, or G) at the top of the display.  It is essential that you make sure you are in the right mode, because calculators often start up in radian mode, meaning that they would interpret an angle size of 10 as about 573( instead of 10(.


Function first, or angle first?  All scientific calculators will have keys such as tan (for tangent) that compute the trig ratios, but the order of entry is different for different kinds of calculator.  For some types, you need to enter the angle size before you press the tan key; on other types, you first press tan, then enter the angle size, then press the equal-sign key to get the answer.  You will need to figure out how this part of your calculator works if you don’t already know.


A useful trick to check how a calculator works:  For a right triangle with an angle of 45(, the tangent ratio is equal to exactly one because the two acute angles are equal (both 45(), resulting in two equal sides.  So when you think that you know what to do, try computing the tangent of 45(.  If you get an exact 1, you are in degree mode and used the correct sequence.  Otherwise, something is wrong.


Spreadsheet:  Typically spreadsheets use radians rather than degrees by default, so the formula you type in must include the conversion factor.   =TAN(PI()*A/180)
On some, including Excel, there is a shorter form:  = TAN(RADIANS(A))
Example 10.  Use your calculator to find the following and then use your spreadsheet program to find them as well.   Give your results correct to four decimal places.

         a.  
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     b.  
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      c.   
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Answers:     a.  0.2126         b.  2.9042        c.  0.3882
Section 8:  COMPUTING ANGLES FROM RATIOS – THE ARCTANGENT FUNCTION

Since all triangles with the same tangent ratio (and therefore the same shape) will have the same size for corresponding angles, it should be possible to use the tangent ratio to compute the angle size that produced it.  Using a function “backwards” in this way is called an inverse function.  The inverse function for the tangent ratio is the arctangent function, which returns an angle-size value when you give it the corresponding tangent ratio.

In written work, inverse trigonometric functions are designated either by putting a superscript of –1 after the function abbreviation and enclosing the ratio value in parentheses, by adding the prefix arc- to the function name or abbreviation, or by just putting the word “inverse” before the function name.  Thus “tan-1(1.5)”, “arctan(1.5)”, and “the inverse tangent of 1.5” all mean the same thing.  This course will most often use the arctan form of designation, but you should be ready to understand any of these forms if they are used.

To compute the size of an angle from one of its trigonometric ratios, you will have to press an extra key to tell the calculator that you wish to use an “inverse” trigonometric function, which converts “in reverse” from a ratio into an angle-size value.  Depending on the brand of calculator, this key may be labeled “INV”, “SHIFT”, or “2ND”, and will usually be located among the keys at the top of the keypad on the left side.  In the instructions below, this will be called the “INV” key, but use whatever is right for your calculator.  You will probably need to press this “inverse” key just before you press the tan key.

Test the sequence that you think works on your calculator by finding the arctangent of 1.  The answer should be exactly 45, as explained above.  If your answer is not 45, then either the wrong inverse-function key or sequence was used or the calculator is not in degree mode – try again until you get the correct value.

Example 11  — Compute the angles that correspond to these tangent ratios:

                     a.  0.125      b.  0.5           c.  0.84       d.  3.6         e.  100
Solutions: 
 a. 
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    b. 
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    c. 
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d. 
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Example 12   For each of the triangles in Example 9 at the end of Section 6,  use the inverse tangent function to find the angle A from the tangent ratio.

Solutions:  Case 1.  
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     Case 2.  
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                   Case 3.  
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Exercises: 

Part I.

1. Convert 61( 27’  to decimal degrees.

2. Convert 82( 10’ to decimal degrees.
3. A very small angle is measured as 27’35”.  Convert to decimal minutes.

4. Convert 38( 15’ 37” to decimal degrees.

5. In Section 2, Example 5, by sight, determine which angles are obtuse or right.  Check your results using a protractor.

6. If a 25-inch shadow is cast by a vertical post that extends 35 inches above the ground, how tall is a flagpole which casts an 18-foot shadow?

7. In section 4, example 7, which triangle is not similar to the other three triangles?

8. In section 5, example 8, for each of the triangles shown, choose the larger of the acute angles to label as A, then mark the three sides of the triangle with HYP, ADJ A, and OPP A for the hypotenuse and the sides that are respectively adjacent to and opposite to your chosen A.
9. In section 6, example 9, compute the tangent ratio for the angle labeled A.
10. Use your calculator to find the following and then use your spreadsheet program to find them as well.   Give your results correct to four decimal places.
       a.  
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11. Compute the angles that correspond to these tangent ratios:
         a.  0.125      b.   0.5           c.   0.84       d.  3.6         e.  100
12. Use the inverse tangent function to find the angles Section 6, example 9.
Part II.
13. Convert 47( 22’ to decimal degrees. 
14. Convert 54( 35’ to decimal degrees.
15. Convert 13( 47’ 18” to decimal degrees. 
16.  Convert 57( 34’ 21” to decimal degrees.
17. For the following eight angles:

(1)  72(    (2)  127(    (3)  83(    (4)  15.4(    (5)  178(    (6)  97(    (7)  180(    (8)  90(


a. Which are acute angles? 


b. Which are obtuse angles?  


c. Which are the flat angles? 


d. Which are right angles? 
18. For these two similar triangles, whose sides are labeled with length in miles,


a.  Set up an equation that has x in a denominator, then solve for it.


b.  Set up an equation that has x in a numerator, then solve for it.


c.  Did you get the same result for a. and b.?


d.  Find the value of y.  Check your results by finding the ratio of x to y and   

                     comparing it to the ratio of 8 to 12.  
19. Draw a right triangle with the two sides which make the right angle 
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 inches.  Label the angles opposite the sides with A and B respectively.  

a. Measure the length of the hypotenuse.   
b. Consider the Pythagorean Theorem.  Is your measured value for the hypotenuse consistent with this being a right triangle?  
c. Measure angles A and B with your protractor.  
d. What would you have expected to be the sum even before measuring these angles?  Why?    
e. Find the sum of angles A and B.  Does it agree with what you expected?  If not, why do you suppose it didn’t?  
f. Find the tangent of A and use that to find the measurement of angle A.    
g. Find the tangent of B and use that to find the measurement of angle B.     
h. Do your computed values agree with your measured values for these angles?  If not, do you think your computed values or your measured values are more accurate?  Why?  (Consider which numbers here are exact and which are approximate.)  
20.   Measurements

a. On a piece of graph paper, draw a right triangle like the diagram to the right of this problem  and label the angles A and B.  Make a reasonable scale for it so that the length of the vertical side is twice the length of the smaller side.

b. On the same graph, mark half the length of the vertical side and of the horizontal side and draw the resulting smaller right triangle.

c. Measure the angle A from the original right triangle using a protractor.  Measure the corresponding angle from the smaller right triangle.  Do they appear to be the same?

d. Measure the angle B from the original right triangle using a protractor.  Measure the corresponding angle from the smaller right triangle.  Do they appear to be the same?

e. Is the smaller triangle similar to the larger triangle?  How can you tell?

f.  In the original triangle, write the ratio that gives tan(A), then simplify it.

g.  In the smaller triangle, write the ratio that gives the tangent of the angle corresponding to A, then simplify it.

h.  Repeat the steps in f.  for angle B.

i.  Repeat the steps in g. for angle B.

j. Use the ratio you computed in part f. and the inverse tangent keys on your calculator to find the size of the angle A in degrees.  Does it agree with what you measured with your protractor?

k.  Use the ratio you computed in part h, and the inverse tangent keys on your calculator to find the size of the angle B in degrees.  Does it agree with what you measured with your protractor?

l. Add the angle-size values for A and B that you computed in the previous two sections.  How close is the sum to 90 degrees?

21.    Find the following, to four decimal places:


a.  tan 37(      b.  tan 72(      c.  tan 18(      d.  tan 0(       e.  tan 30(    
            f.  tan 60(    g. tan  47( 22’  h. tan 13( 47’ 18” 
22.   How can you check your work on the parts of the previous problem using the inverse tangent key of your calculator?  Check parts a. – f. 

23.   Find the following in degrees, to two decimal places:

a.  arctangent of 2.41 
b.  inverse tangent of 0.695  
c.  tan-1(1.5) 
d.  angle whose tangent is 0.12 
24.    How can you check your work on all the parts of the previous problem using the tangent key of your calculator?   Check them.  Record as your answer to this question one of these: “I corrected some parts.” or  “They were all correct.” 

25.  Think about your answer to problem 20, and then use logic to determine what angle has a tangent ratio of exactly 1.
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