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Topic N2.  Communicating the Results of Computations – 
the Method of Significant Digits
You are not required to read this handout.  It is provided for students who want a more through explanation of using the method of significant digits.    If you do choose to read it, please keep in mind that it is not necessary to thoroughly understand and remember every single rule here.  Don’t get stuck in this!

Remember that the method of significant digits is only an approximation of the best answer to “How precise is the computed value?”  It is a pretty good approximation for addition and subtraction, sometimes a pretty good approximation for multiplication and division and sometimes not very good, and often not good at all for other formulas/functions, at least for some of the possible input values.

Be sure to spend most of your time in this course focusing on the better methods of communicating the results of computations using measured numbers than this method. 
Section 1.  Significant Digits Overview and Summary

1. Identifying the significant digits in an approximate number.  (Recall that we are underlining significant digits in most measured numbers – but not in angles.)
a. None of the rules below apply to exact numbers or to design numbers.  All exact numbers and design numbers are considered to have more significant digits than any other numbers in the problem, so the precision of the computed value does not depend on the number or digits or decimal places shown in an exact number or a design number. 

b. All nonzero digits are significant.  (e.g.  $14379 )
c. All zeros in between two non-zero digits are significant.  (e.g.  $8089  and 37.07 km.)
d. All zeros that are given merely to indicate the size of the number are NOT significant.
i. If a number greater than 1 has no decimal point, and it ends in a zero  the ending zeroes are usually assumed NOT to be significant.  (e.g.  $5200)  (Sometimes other information in the problem overrides that assumption.)
ii. If a number less than 1 has leading zeros, those are NOT significant  (e.g.  0.0083 km. )

iii. If a decimal point is actually shown in a number greater than 1, then all digits to the left of the decimal point, including zeros, are significant.  (e.g.  740. meters )
iv. All zeros at the end of a number after a decimal point, since they are not needed to indicate the size of the number, are significant. (e.g.  63.30 meters)

e. Special rule for angles measured in degrees.

i. An angle measurement to the nearest degree is counted as two significant digits, no matter how many digits are shown.  (eg.  All the following measurements are counted as two significant digits:  15˚, 375˚, 7215˚, 7˚, 
-15˚.  Obviously, underlining significant digits is not useful here.)
ii. An angle measurement which is accurate to the nearest minute is counted as four significant digits.   To the nearest ten minutes is counted as three significant digits.  

iii. An angle measurement which is accurate to the nearest second is counted as six significant digits.   To the nearest ten minutes is counted as five significant digits.  

2. Communicating the precision of a computed number with the method of significant digits.

a. Addition and subtraction.

i. Put all the numbers to be added or subtracted into the same units (feet, miles, etc.)

ii. Write the addition or subtraction problem as usual, with the decimal points lined up. 

iii. Identify the significant digits in each number.  

iv. Identify the column containing the right-most significant digit in each number.  Which of those columns represents the least-precise number?  (Find the number whose last significant digit is the furthest to the left.)

v. Add or subtract as usual.

vi. Round the final answer so that the last significant digit occurs in the same column as that of the least-precise number being added or subtracted.  

b. Multiplication and division

i. Carry out the operations as if the numbers were exact.  

ii. At the end, identify the significant digits in every approximate number used in the calculation.  Then count how many significant digits each has.

iii. Here we count the number of significant digits of all approximate numbers used, and then choose the one with the smallest number of significant digits to call the least precise number.

iv. Express the final answer with as many significant digits as the least precise approximate number used. 

c. Evaluating a function/formula

i. Evaluate the function/formula as if the input value(s) were exact.  

ii. Express the final answer with as many significant digits as the number of significant digits in the input value.  (If there is more than one input value, use the smallest number of significant digits of any of the input values.)   
Section 2:  Identifying the precision of a measured number – 

special cases (scientific notation and angles)
A measurement of 300 miles is somewhat ambiguous about precision.  

If it is rounded to the nearest hundred miles, then it represents 
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If it is rounded to the nearest ten miles, then it represents 
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If it is rounded to the nearest mile, then it represents 
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The common convention is to assume that all zeros at the end of a whole number are to indicate size and have uncertainty.  
So 300 miles is assumed to be rounded to the nearest hundred miles.  
If we want to indicate that it is rounded to the nearest mile, we would put a decimal point after it, as in 300.  
To indicate that it is rounded to the nearest ten miles, we must either say that in words, or give the number in scientific notation 

	
	One sig. dig. 
	Two sig. dig
	Three sig. dig
	Four sig.dig.
	Five sig. dig.

	7
	300
	
	300.
	300.0
	300.00

	8
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	29000
	
	
	29000.
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	29000
	
[image: image9.wmf]4

2.9010

´


	
[image: image10.wmf]4

2.90010

´


	
[image: image11.wmf]4

2.900010

´




Footnote:  In informal use, where people don’t ever use scientific notation to give measured numbers, the number 300 will probably remain ambiguous and you’ll need to either determine from the context how precise you should consider it to be or else simply ask the person who made the measurement how precise it is.   This is a question of communication rather than a question about mathematics.    See the section at the end of this topic for more comments on communication about ambiguous measured numbers.

Special situation 2:  To count significant digits in angle measurement in degrees, measurement to the nearest degree is counted as two significant digits in most applications.
	
	One sig. dig. 
	Two sig. dig
	Three sig. dig
	Four sig.dig.
	Five sig. dig.

	11
	
	47(
	47(10’
	47(12’
	47(12’20”

	12
	
	32(
	32.3(
	32.37(
	32.379(

	13
	
	8(
	8.4(
	8.45(
	8.457(

	14
	
	135(
	135.6(
	135.83(
	135.836(


Section 3:  Rules for computation using significant digits
Principle of computing with significant figures:   The result of any computations with measurements should not be reported with any greater precision than the least precise measurement that went into the computation.
Addition and Subtraction:

1. Put all the numbers to be added or subtracted into the same units (feet, miles, etc.)

2. Write the addition or subtraction problem as usual, with the decimal points lined up. 

3. Identify the significant digits in each number.  

4. Identify the column containing the right-most significant digit in each number.  Which of those columns represents the least-precise number?  (Furthest to the left)

5. Add or subtract as usual.

6. Round the final answer so that the last significant digit occurs in the same column as identified in step 4.  

Multiplication and Division:  

1. Carry out the operations as if the numbers were exact.  

2. At the end, identify the significant digits in every approximate number used in the calculation.  Then count how many significant digits each has.
3. Notice the smallest number of significant digits of any approximate number used.  That is the least precise number.

4. Express the final answer with as many significant digits as the least precise approximate number used. 
Evaluating a function/formula

1. Evaluate the function/formula as if the input value(s) were exact.  

2. Express the final answer with as many significant digits as the number of significant digits in the input value.  (If there is more than one input value, use the smallest number of significant digits of any of the input values.)   

Example 3:  Find the area of a rectangular garden measured as 15.7 ft by 46 ft.  
Solution:  
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Example 4:  Add the following measurements in kilograms:  32.578, 6.0, and 2.034

Solution: 
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This does not deal with significant digits.
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Here, since the least-precise number has rounding precision of one-tenth, then the sum has to have rounding precision of one-tenth.  The vertical lines here illustrate that.


Example 5:  Add the following measured lengths:  75 yards, 11 miles, 60 feet.
Solution:  Convert 75 yards to miles and 60 feet to miles.
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Just as we noticed in Example 1, it wasn’t really necessary to do any of this computation.  It was obvious that the two shorter lengths were going to sum to much less than half a mile, so they didn’t add enough to the 11 miles to be significant.  

Example 6:   The formula for the perimeter of a rectangle is 
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, where P is the perimeter, l is the length, and w is the width.  If the measured length is reported as 13 feet and the measured width is reported as 54 feet, what is the perimeter?  Use appropriate significant digits.
Solution:
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Here both 2’s are exact numbers, so that they aren’t considered in dealing with significant digits.  Both the length measurements indicate that they are correct to the nearest foot.  Thus the values for two times the length and width are correct to the nearest foot.  Since we add those, then the sum is also correct to the nearest foot.   So we report the value 134 ft.

Example 7:   The formula for the volume of a sphere is 
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, where V is the volume and r is the radius.  If the measured radius is reported as 3.247 ft, find the volume.  Use appropriate significant digits.

Solution:  Before beginning the computation, we notice that the numbers 4, 3, and 
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 are exact numbers in this formula.   Since the only measurement is reported with four significant digits, the result should be reported with four significant digits.  We should NOT use 3.14 as the value for 
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, because that will make us lose precision and not be able to report our results as precisely as we should.   We should use at least four significant digits for 
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.  In fact, we should use the 
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 key on the calculator, so it is correct to about 12 significant digits.


[image: image26.wmf](

)

3

3

3

4

3

4

3.247ft

3

143.3954843ft

Vr

V

V

p

p

=

=×

=


So, using appropriate significant digits, the volume is reported as 143.4 cubic feet.  
Example 8:  The formula for the volume of a right circular cylinder is 
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, where V is the volume, r is the radius of the base, and h is the height.   
a. If the radius is measured to be 3 inches and the height is measured to be 5.24 inches, what is the volume?
b. Is it reasonable to believe that the measurement for the radius is reported correctly here – that it is really only correct to the nearest inch?  Discuss.

Solution:  
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If we consider both of these measurements to be reported according to the conventions of significant digits, then the solution would be 100 cubic inches. That is clearly unsatisfactory!  The problem is that it doesn’t make sense that the height would be measured correct to the nearest hundredth of an inch and the radius only to the nearest inch.  

Perhaps the person doing the measurements is completely unaware of the consequences of failing to obtain more precision in the radius measurement.  

Another possibility is that the radius really was measured more precisely than this indicates.  It is not uncommon for one of the measurements to be a “design” value, and so it is understood that it is known so precisely that it shouldn’t be considered in the significant digit discussion.   In this case, perhaps the cylinder is a piece of pipe that was manufactured to have a 3-inch radius.   Then we could look at the manufacturer’s specifications and notice that the radius is really something like 3.000 inches.    
In fact, most technical workers would report volume of this cylinder as 148 cubic inches, which is assuming that the 3-inch radius is considerably more precise than the notation indicates and so the precision of the answer is based on the three significant digits in the measurement of the height.
Section 4.  Communication of Precision in Measurements


Regarding Example 8 above, it is unsettling to students in a math or science class to realize that applications problems are not always carefully stated in terms of conveying the precision of the measurements.   And, of course, it is always possible that the person doing the measurements which are being used does not understand the implications of their choice of precision in the measurements.  

In order to be a competent technician in your area, you must develop an understanding of how precisely measurements are made in your area and how they are reported to indicate their precision.  Then you must read materials given to you critically and question any values that don’t seem to be measured or reported in that way.  Don’t rely on those measurements until you clarify them.  

In this course, any problems on tests will be clear on this point.  If a problem is not clear, explain why not, pick one of the possibilities, and solve that.  That will earn you full credit if your explanations and answers are reasonable.   If a problem on the homework is not clear, follow that same process.   Some of the realistic problems in the homework / supplemental problems are not clear on this because they came from an application in that manner.  It is important in this course to think about how problems are stated in the real world and how you will interpret those in terms of what you have learned in your classes.  
Exercises:  

Part I.  Use significant digits to express your answers to these computations.

1. I want to measure the distance I travel from my office to my home.   With a friend helping me with a tape measure, I find that it is 75 yards from my office to my car in the parking lot, then my odometer tells me that it is 11 miles in my car from school to home, and then my son helps me with the tape measure to find that it is 60 feet from my car to the front door.  How far is it from my office to my home?

2. I want to measure the surface area of the water in one rectangular portion of a canal.  With a tape measure, I find that the length is 29.6 ft.  The width of the canal, across the water, is harder to measure accurately, so I use a rowboat and succeed in measuring it to be 31 ft.   What is the area of the surface of the water?

3. Find the area of a rectangular garden measured as 15.7 ft by 46 ft.  

4. Add the following measurements in kilograms:  32.578, 476.0, and 2.034

5. Add the following measured lengths:  75 yards, 11 miles, 60 feet.

6. The formula for the perimeter of a rectangle is 
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, where P is the perimeter, l is the length, and w is the width.  If the measured length is reported as 13 feet and the measured width is reported as 54 feet, what is the perimeter?  Use appropriate significant digits.

7. The formula for the volume of a sphere is 
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, where V is the volume and r is the radius.  If the measured radius is reported as 3.247 ft, find the volume.  Use appropriate significant digits.

8. The formula for the volume of a right circular cylinder is 
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, where V is the volume, r is the radius of the base, and h is the height.   

a. If the radius is measured to be 3 inches and the height is measured to be 5.24 inches, what is the volume?

b. Is it reasonable to believe that the measurement for the radius is reported correctly here – that it is really only correct to the nearest inch?  Discuss what you should do if you were given these measurements.

Part II.   No problems for Part II in this Topic.  See the Applied Trigonometry topic for more questions.
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