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Topic Q.  Trigonometry, Part III.  Sine and Cosine Formulas on Larger Intervals
Objectives: 

1. Find sine, cosine, and tangent of any angle given in degrees.

2. Review:  Using a calculator , find solutions of 
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 or 
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 for angles in 0( to  90(.  (Also use other variables besides A for the angle, such as x, y, or 
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.)

3. Using an appropriate graph and a calculator, find all solutions of 
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 for angles in a different domain of values, such as -360( to 720(.  Be able to do this in whatever domain is requested.
Meaning of Trig Ratios outside 0( to 90(
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The angles of right triangles must have sizes between 0( and 90(, and the largest angle in a non-right triangle can be up to 180(.   Four-sided figures (usually called quadrilaterals, although they are also “quadrangles” with four angles) can have interior angles that are larger than 180(, and can get close to 360(.  Angles of between 180( and 360( are called reflex angles.
Angles as rotations:

But what would it mean to have angles larger than 360(, or negative angles?  What would an angle of 440( look like?  4000(?  –50(?  What would the sine and cosine of such an angle be?  A model of angles and trigonometric functions that is based on circular rotation can be used to derive the answers to these and other questions.  
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In this model, an angle is considered to be a rotation of a radius line that starts along the x-axis (for a 0( angle) and moves counterclockwise to a new position where the rotated radius line forms the other side of the angle.
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Larger than 360(:  Since 360( is a full rotation, angles will repeat that often (just as the hour hand of a clock repeats its position every 12 hours).  This means that 440( can be thought of as one full rotation plus a further partial rotation of 80(.  In terms of final position, this means that 440( and 80( are in the same place on the circle, just as the time of day is the same at 1 hour after noon and 25 hours after noon. They are called coterminal angles.  80( is also coterminal with 800( (80( plus two full rotations), 1160( (80( plus three full rotations), and so forth.

Negative angles:  The rotation can be in either of two directions.  Rotations in one direction can be cancelled by rotations in the other direction.  The custom in mathematics and many areas of science is to treat counterclockwise rotation as positive, meaning that clockwise rotations are negative.  

The figure to the right illustrates an angle of –120( formed by a clockwise rotation of 120( from the starting position.  This is the same position that was reached by a 240( counterclockwise rotation.
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Example 1 — Draw the indicated positive or negative angle:

[a] +200(                             [b] –40(                          [c] +300(                           [d] –160(
Solutions:

Sine and Cosine:  Consider a circular disk with a radius of 1 unit whose center is fixed at the (x=0,y=0) origin point of a graph.  We will follow the position of a point P on this unit circle as it moves from an initial position at (x=1,y=0) on the positive x-axis when the disk is rotated.

For a rotation angle A of up to 90(, a simple right triangle containing angle A can be formed whose hypotenuse is the radius from the origin to P (see diagram).  The length of the radius was chosen as exactly 1 unit to make computation with this right triangle easy.  The length of the side opposite to A is y, and that of the side adjacent to A is x.  Therefore, 
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It turns out that it works well for to define the cosine and sine of any angle as being the x and y coordinates of point P after it rotates by that angle.  Therefore, cosines and sines can be negative under some circumstances.

Example 2 — Use your calculator to find the cosine and sine of the angles from Example 1. 
    Write them as coordinates of the points at the end of the angles you drew.

  Solutions:

Quadrants of the unit circle:


The x-axis and the y-axis divide the circle into four quadrants, which are customarily numbered as shown to the right below (with roman numerals, going counterclockwise).  Acute angles (from 0( to 90() fall in the first quadrant (I) and obtuse angles (from 90( to 180() fall in the second quadrant (II).  The reflex angles from 180( to 270( fall in the third quadrant (III) — these are also negative obtuse angles —and the fourth quadrant (IV) contains angles from 270( to 360( (which are the same as negative acute angles from 0( to –90().

Example 3 — Answer these questions:


[a] In which quadrants are the sines of angles negative?


[b] In which quadrants are the cosines of angles negative?


[c] In which quadrants are the tangents of angles negative?

Solutions:  [a] III & IV     [b] II & III      [c] II & IV

Graphs of Sine and Cosine Formulas
From the preceding discussion, we have seen that the sine and cosine of any angle is well-defined.  In previous lessons, when we graphed these formulas, we only considered the range of angles from 0( to 90(.  In this lesson, we will consider a much larger range of angles.  The range could be as large as we want.
Example 4.  Use a spreadsheet to graph  
[image: image8.wmf]sin

yx

=

 on the range of x-values from -90( to 380(.
	Solution:  
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	Recall that the formula is  

= sin(radians(A2))

or 

= sin(3.14159*A2/180)

Note:  It is not necessary to make the labeling of the axes agree with those displayed.  If you wish to change the axes labels from those that automatically appear, that was discussed in Topic E, Section 3, Example 6.  


Example 5.  Use a spreadsheet to graph 
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 on the range of x-values from -900 to 3800 and then again on the range of x-values from   -360( to 720(
	Solution:  
	[image: image11.emf]y=cos(x)
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Solving Equations Using Graphs

Example 6.  Solve 
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, finding all solutions in  -90( to 380(.  Use a graph to find the approximate solutions and then use a calculator and your knowledge of trig to find the solutions correct to thousandths of a degree.  Then check the solutions.

Solution:  Make a 
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 between  -90( to 380( and superimpose on it a graph of 
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.  Then find the x-values where these two graphs cross.
	Here is part of the table of values:  

x

y=sin(x)

y=0.1287

-90

-1

0.1287

-80

-0.98481

0.1287

-70

-0.93969

0.1287

-60

-0.86603

0.1287

-50

-0.76604

0.1287

-40

-0.64279

0.1287

-30

-0.5

0.1287

-20

-0.34202

0.1287

-10

-0.17365

0.1287

0

0

0.1287

10

0.173648

0.1287

20

0.34202

0.1287
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We notice that the graphs cross in three places, so there are three solutions in this interval of angles.  One solution is just a bit larger than 0(, another just below 180(, and a third just above 360(.

Using a calculator, we find 
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Then we can check this by finding that 
[image: image18.wmf]sin(7.394)0.128691748
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.  This shows that our solution is correct.

To find the angle just below 180(, we notice from the unit circle that it must be an angle whose end point has the same y-coordinate as 7.394( so that must be 
[image: image19.wmf]1807.394172.606
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 (Check: 
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, so this answer is correct.)
To find the angle just above 360(, we notice from the unit circle that it must be an angle whose terminal side is the same as 7.394( so that must be 
[image: image21.wmf]3607.394367.394
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.   

(Check: 
[image: image22.wmf]sin(367.394)0.128691748

°=

, so this answer is correct.)

The three solutions are thus {7.394(, 172.606(, 367.394(}

Example 7.  Solve 
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, finding all solutions in  -90( to 380(.  Use a graph to find the approximate solutions and then use a calculator and your knowledge of trig to find the solutions correct to thousandths of a degree.  Then check the solutions.

Solution:  Make a 
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 between  -90( to 380( and superimpose on it a graph of 
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.  Then find the x-values where these two graphs cross.

	Here is part of the table of values:  

X
y=sin(x)

y= - 0.5236

-90

6.12574E-17

-0.5236

-80

0.173648178

-0.5236

-70

0.342020143

-0.5236

-60

0.5

-0.5236

-50

0.64278761

-0.5236

-40

0.766044443

-0.5236

-30

0.866025404

-0.5236

-20

0.939692621

-0.5236

-10

0.984807753

-0.5236

0

1

-0.5236

10

0.984807753

-0.5236

20

0.939692621

-0.5236
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We notice that the graphs cross in two places, so there are two solutions in this interval of angles.  One solution is between 90( and 180( another between 180( and 270(.  
Using a calculator, we find          
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Then we can check this by finding that 
[image: image28.wmf]0

cos(121.574)0.52359935
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.  This shows that our solution is correct.

To find the angle above 180(, we notice from the unit circle that it must be an angle whose end point has the same x-coordinate as 121.574( so that must be 
[image: image29.wmf]360121.574238.426
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.  
(Check: 
[image: image30.wmf]0
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.)

The two solutions are {121.574(, 238.426(}

IMPORTANT NOTE:  When solving trig equations such as these, your calculator will give you only one value.  All the other values can be found by adding that value to 180( or 360(, etc. or else by subtracting it from 180( or 360(, etc.  Use the graph to tell you whether to add or subtract.
Graphs: Memorize these graphs and make rough drafts of these on your paper to solve problems.
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Exercises:  
Part I.

1. For each of the following angles, sketch a unit circle and sketch the angle on it, in standard position.      a. 200(  b.  –40(    c.  300(   d.  –160(  

2. For each angle in the previous exercise, use a calculator to find the sine and cosine of the angle and label the point where the angle intersects the circle with the coordinates of that point.

3. In which quadrants of the unit circle 

a. are the sines positive?

b. are the cosines positive?

c. are the tangents positive?

4. Use a spreadsheet to graph  
[image: image35.wmf]sin

yx

=

 on the range of x-values from -90˚ to 380˚.  (You are not required to get the spreadsheet to label the axes as needed, with the values  -90˚, 0˚, 90˚, 180˚, 270˚, 360˚,  380˚.  You may do that by hand.)  


5. Use a spreadsheet to graph 
[image: image36.wmf]cos

yx

=

 on the range of x-values from -900 to 3800 and then again on the range of x-values from   -360˚ to 720˚  (You are not required to get the spreadsheet to label the axes as needed, with the values . . .,  -90˚, 0˚, 90˚, 180˚, 270˚, 360˚, . . .   You may do that by hand.)  

6. Solve 
[image: image37.wmf]sin0.1287
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, finding all solutions in  -90( to 380(.  Use a graph to find the approximate solutions and then use a calculator and your knowledge of trig to find the solutions correct to thousandths of a degree.  Then check the solutions.

7. Solve 
[image: image38.wmf]cos0.5236
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, finding all solutions in  -90( to 380(.  Use a graph to find the approximate solutions and then use a calculator and your knowledge of trig to find the solutions correct to thousandths of a degree.  Then check the solutions.

Part II. 

8. For each of the following angles, draw a unit circle and place the angle on it at the appropriate place.     [a]  300(
[b]  140(
[c]  100(
[d]  193(
[e]  280(
9. For each of the angles in the previous problem, use your calculator to find the sine and cosine and write them as coordinates of the points at the end of the angles you drew in the previous problem.  Check to be sure that the plus and minus signs are correct for the quadrant of each angle.  
10. State the angles between 0( and 360( that are coterminal angles with:
[a]  400(
[b]  –50(

11. Consider the angle 500( and various coterminal angles. 

a. Find sin(500()  
b. One coterminal angle of 500(  is  500( -  360( =  140(.  Find sin(140().  
c. Find a different coterminal angle of 500( and find the sine of that angle.  
d. What do you notice about the values for sine of these coterminal angles?  
e. Do you think there is something special about 500( here?  Or do you think this same relationship will hold for any set of coterminal angles?   Discuss how you might test your guess.  
f. Make a conjecture about the values for the cosine of coterminal angles and test it.  Write your conclusion about the values of the cosine for coterminal angles.    

12. State the angles between 0( and 360( that are coterminal angles with:
[a]  1000(
[b]  –173(
Check your work by finding the sine and cosine of the given angle and the coterminal angle and using your conclusion from the previous problem.
13. Consider an angle of 147º. 

a. Make a rough sketch of this angle in standard position on a unit circle. 

b. Use the sketch to determine whether the sine of this angle is positive or negative. 
c. Locate the angle on a graph of sine function.  What does that tell you about whether the sine of this angle is positive or negative?  Is that consistent with what you learned from the unit circle?
d. Use the sketch in part a. to determine whether the cosine of this angle is positive or negative. 
e. Locate the angle on a graph of cosine function.  What does that tell you about whether the cosine of this angle is positive or negative?  Is that consistent with what you learned from the unit circle?
f. Use your calculator to determine whether the sine of this angle is positive or negative.  Is that consistent with what you learned from the unit circle and the graph of the sine function?
g. Use your calculator to determine whether the cosine of this angle is positive or negative.  Is that consistent with what you learned from the unit circle and the graph of the cosine function?

14.  Consider an angle of 232º.  Answer all the questions in the previous problem for this angle.
15. Consider an angle of –108º.  Answer all the questions in the previous two problems for this angle.

16.  Consider an angle of 408º.  Answer all the questions in the previous three problems for this angle.

17. Draw a rough sketch of a unit circle and an angle of 20º on it. Label the coordinates of the point at the end of that angle on the unit circle.  Find the values by using the sine and cosine functions on your calculator.  

a. Looking at the unit circle, find the position of a different angle A so that 
[image: image39.wmf]o
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.  What quadrant is it in?   Considering symmetry, what angle must it be?

b.   Looking at the unit circle, find the position of a different angle A so that 
[image: image40.wmf]o
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.  What quadrant is it in?   Considering symmetry, what angle must it be?

18. Draw a rough sketch of a unit circle and an angle of 115º on it. Label the coordinates of the point at the end of that angle on the unit circle.  Find the values by using the sine and cosine functions on your calculator.  

a. Looking at the unit circle, find the position of a different angle A so that 
[image: image41.wmf]o
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.  What quadrant is it in?   Considering symmetry, what angle must it be?

b.   Looking at the unit circle, find the position of a different angle A so that 
[image: image42.wmf]o
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.  What quadrant is it in?   Considering symmetry, what angle must it be?

19. Sketch the graph of a sine function and locate an angle of 20º on it. Estimate the value of the sine of 20º  from that.  Then draw an appropriate horizontal line to help you find at least one other angles which has the same sine as 20º.   In what quadrant is that angle?  What does the symmetry of the graph tell you about the value for that angle?   Check your result by using your calculator to find the sine of that angle and the sine of 20º.   Does this confirm they are equal?

20. Sketch the graph of a cosine function and locate an angle of 20º on it. Estimate the value of the cosine of 20º  from that.  Then draw an appropriate horizontal line to help you find at least one other angles which has the same cosine as 20º.   In what quadrant is that angle?  What does the symmetry of the graph tell you about the value for that angle?   Check your result by using your calculator to find the cosine of that angle and the cosine of 20º.   Does this confirm they are equal?

21.  Sketch the graph of a sine function and locate an angle of 115º on it. Estimate the value of the sine of 115º  from that.  Then draw an appropriate horizontal line to help you find at least one other angles which has the same sine as 115º.   In what quadrant is that angle?  What does the symmetry of the graph tell you about the value for that angle?   Check your result by using your calculator to find the sine of that angle and the sine of 115º.   Does this confirm they are equal?

22. Sketch the graph of a cosine function and locate an angle of 115º on it. Estimate the value of the cosine of 115º  from that.  Then draw an appropriate horizontal line to help you find at least one other angles which has the same cosine as 115º.   In what quadrant is that angle?  What does the symmetry of the graph tell you about the value for that angle?   Check your result by using your calculator to find the cosine of that angle and the cosine of 115º.   Does this confirm they are equal?

23. Use a graph and calculator to find all solutions of 
[image: image43.wmf]sin0.7254

x
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 in  -90( to 380(.  Check your solutions.  
24. Use a graph and calculator to find all solutions of 
[image: image44.wmf]sin0.2296

A

=-

 in  -360( to 720(.  Check your solutions.
25. Use a graph and calculator to find all solutions of 
[image: image45.wmf]cos0.8246

x

=-

 in  -180( to 540(.  Check your solutions.  
26. Use a graph and calculator to find all solutions of 
[image: image46.wmf]cos0.4357

t

=

 in  -90( to 380(.  Check your solutions.
27. Use a graph and calculator to find all solutions of 
[image: image47.wmf]sin0.7862

u

=

 in  0( to 180(.  Check your solutions.  
28. Use a graph and calculator to find all solutions of 
[image: image48.wmf]cos0.4557

B

=-

 in  0( to 180(.  Check your solutions.

29. Use a graph and calculator to find all solutions of 
[image: image49.wmf]sin0.3325

D
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 in  0( to 180(.  Check your solutions.  
30. Use a graph and calculator to find all solutions of 
[image: image50.wmf]cos0.1459
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 in  0( to 180(.  Check your solutions.
31. We will find sin(360,000,000,020().  
a. Use your calculator to try to find sin(360,000,000,020().  Does it work?    
b. Find a coterminal angle with 360,000,000,020( and use that to find  sin(360,000,000,020().   
32. We will find cosine of 359,999,999,950(
a. Find a number close to 359,999,999,950( which is an integer multiple of 360(.   (More than one answer is possible.)

b. Use your answer to part (a) to find a coterminal angle with  359,999,999,950(
c. Use your answer to the part (b) to find cos(359,999,999,950().

33. There are three reflex angles on the outside of the angles of each triangle.

a. Draw a triangle and measure its three reflex angles.

b. What is the sum of the measured sizes for the angles?  
c. Repeat (a) and for a different triangle. 
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On the unit circle:
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x and y values vary between +1 and –1
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The sine of a reflex angle is negative.
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Obtuse angles such as the one above have negative cosines and positive sines.
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An angle of -120( created by rotating a radius clockwise
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An angle of 240( created by rotating a radius
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A reflex angle of 260(





reflex angles





[b] -40(





(0.766,-0.643)





[c] 300(





(0.500,-0.866)





[d] -160(





(-0.940,-0.342)





[a] 200(





(-0.940,-0.342)
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