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Topic R.  Trigonometry, Part IV.  Solving General Triangles

Objectives:

1. Find approximate solutions to general triangles by constructing accurate diagrams and measurement. 

2. Solve general triangles using trigonometry.  

3. Solve applied problems that require solving triangles.

Section 1.  Construction of diagrams

Following the ideas and examples from the earlier parts of the course, you are expected to be able to construct reasonably accurate diagrams of any triangle from the given information and then measure the unknown angles/sides from that diagram.   For examples, see Topic F, Examples 4, 5, 6, and 7.  

Section 2:  Solving General Triangles

Although a great many measurement problems can be solved by using right triangles (either directly or by dividing a figure into right triangles that are convenient to solve), many others relate to general triangles – those in which none of the angles is 90(.  We will complete our examination of trigonometry by learning how to use two formulas that work for all triangles, not just right ones.

“Solving” a general triangle means finding out the sizes of all 3 angles and all 3 sides, when you are given three of these six facts, including the length of one side.  (Of course since the angles add up to 180(, it is easy to calculate the third angle once two are known.)  There are two groups of cases, depending on just what you know about the triangle to start with.  

In all the examples and problems in this course, we will strictly adhere to the convention that the side opposite an angle will be labeled with the same letter as the angle.  The angle will be denoted by the capital letter, such as A, and the side will be denoted by the corresponding small letter, a.  

It is important to notice that the longest side must be opposite the largest angle, the smallest side must be opposite the smallest angle, and the middle side must be opposite the middle angle.  Keeping those facts in mind will aid in solving these triangles. 
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Law of Sines: angle and an opposite side

In the first kind of general-triangle problems, you know both an angle and the length of the side opposite that angle.  Your third fact can be either another angle or the length of another side.  In either case, you can make use of the following relationship:

Law of Sines:  the ratio formed by dividing the length of a side 
by the sine of the angle opposite that side is the same for all three sides. 
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When this law applies, you will know both terms in one section (either both a and A, both b and B, or both c and C) and either one other side (but not its opposite angle) or angle (but not its opposite side).  You can then use the formula above to create an equation to solve for the missing term.  Since after that solution you are sure to have two angles, you can get the third one by subtraction from 180(, then solve for the final side if it is wanted.
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Example 1:  Find the length of side c when A=40(, C=110(, and a=25 mm.

   Since we are solving for c, and have the information about side a 

and angle A, we use the parts with a and c.
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Considering significant digits, the final answer is c = 37 mm.


The Law of Sines works just as well if the side c is given instead of the angle C.  In that case, we solve for sin(C) and then use the inverse-sine function to calculate the angle C.   
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Example 2:  Find the size of angle A in the illustrated triangle:  C=79(, a=36 mm, and c=50. mm.
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Considering significant digits, the final answer is A = 45(
Important note:  If the unknown angle could possibly be the largest angle in the triangle, there are two possible solutions here, so this is not completely straightforward.  
Try to avoid using the Law of Sines to solve for an angle 
which could be the largest angle in the triangle.
See the Supplement to this topic for discussion of why this is necessary.

Why is the Law of Sines true?

Each triangle has three altitudes, lines drawn from an angle vertex to the side opposite that vertex so that the altitude is perpendicular to the side.  Each altitude can be used with the trigonometric definition of the sine ratio to show that a pair of sine/side ratios are equal.
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In the triangle below, the length h of the altitude can be expressed in two ways, which are therefore equal to each other.  Dividing the resulting equation by both of the side lengths puts it into the form normally used for the Law of Sines.
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Law of Cosines: whenever the Law of Sines won’t work

When you do not know both an angle and the length of the side opposite it (but still know three measurements of some kind, including the length of a side), you can use a somewhat more complicated formula to solve the triangle.  In such cases, you will know at most one angle (if you know two, you can calculate the third and use the easier Law of Sines).  This second formula lets you compute the length of an unknown side from the lengths of the other sides and the cosine of the angle opposite the unknown side.  Using the same symbols as before
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This looks similar to the Pythagorean Theorem with an additional complication at the end, and in fact that is true.  Since the cosine of 90( is zero, for right triangles the last term will become zero and the formula will simplify to the familiar 
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.  The Law of Cosines is the general formula of which the Pythagorean Theorem is a special case.


Side-Angle-Side:  The easiest problems to solve with the Law of Cosines are those where the unknown side is opposite a known angle.  These will be used as c and C in the formula, respectively.  (The other side lengths are used as a and b; which one doesn’t matter because a and b play the same role in the formula.)  This situation is called “side-angle-side” because of the sequence of known quantities.

Example 3:  — Find the length of the unknown side, where each measurement shown  is correct to two decimal places.  
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Side-Side-Side:  The second-easiest type of Law of Cosines problem is where all the side lengths are known and the task is to find one of the angles.  Here, the angle to be solved for will take the place of C in the formula, and the length of the side opposite it will take the place of c.
Example 4:  — Find the size of the unknown angle.
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Since it is usually much easier to measure lengths than angles to high precision, it is often convenient to use the Law of Cosines formula to calculate angle sizes in practical situations.  
Important note:  There is no complication in using the Law of Cosines to solve for the largest angle in a triangle, as there is in using the Law of Sines.  If the angle you are solving for might be the largest angle, it is less confusing to use the Law of Cosines than it is to use the Law of Sines to solve for it.

Example 5:  We have a triangle with sides of 132 ft, 73 ft, and 92 ft.   Find the size of the largest angle. (Report the angle to three decimal places.)

Solution:  Use the Law of Cosines.  You’ll get 105.684˚.

Example 6:  We have a triangle with sides of 132 ft and 92 ft, and the angle opposite the side of 92 ft is 42.146˚.  The unknown side is shorter than either of the other sides.  Find the angle opposite the side of 132 ft.    (Report the angle to three decimal places.)

Solution:  Use the Law of Sines.  You’ll get two possible values:  74.316˚ and 180˚- 74.316˚= 105.684˚.   But then figure out the third angle in each of these two possible triangles and you’ll find that only one fits the last condition of the problem, which is that the unknown side is the shortest side.

Other Forms of the Law of Cosines
In a right triangle, the side opposite the right triangle is called the hypotenuse and plays a different role in the formulas than the other two sides.  But in a general triangle, all the sides are interchangeable in the formulas.   That’s very easy to see and use in the Law of Sines, but takes more thought in the Law of Cosines.   Here’s how to think of it.  Start by writing this
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Then fill in the other parts – the blanks here – with the variables for the other two sides.  

Here are the other two possibilities:

	Law of Cosines using angle A
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	Law of Cosines using angle B
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 Exercises:
Part I.

1. Find the length of side c when A=40(, C=110(, and a=25 mm 

2. Find the size of angle A when C=79(, a=36 mm, and c=50. mm 

3. Find the length of the unknown side, where the two known sides are exactly 20 mm. and 40 mm and the angle opposite the unknown side is 68o, correct to two decimal places. 

4. Find the size of the unknown angle C, which is opposite a side of length 72.0 in., where the other two sides are 102 in. and 40.0 in.  
5. Work example 5.

6. Work example 6.

Part II.  

Exercise 7.:   For these given values : A= 45.1(, B = 75.8(, c = 10.2 inches.
[a] Construct a careful diagram and solve by measurement.   
[b] Which of the missing values is easy to find first using trig?   Find it.

[c]  Use the law of sines to find another value.  
[d] Use the law of sines to find the last value. 
[Answers:       [a] 



Exercise 8:  For these given values:  B= 34.3(,  a=13.9 m, c = 10.0 m.

[a]  Construct a careful diagram and solve by measurement.
[b]  Is there a missing value that is easy to find first using trig?  If so, find it.

[c] At this point, do you have enough information to use the law of sines to find a missing value?  If so, do that.  If not, explain why not.
[d] If it is not possible to start solving with the law of sines, start with the law of cosines to find the remaining side.  
[e]  Which of the two remaining angles is smaller?  (The angle opposite the shortest side.)  Use the law of sines to find the smaller angle.   (Why does it matter which one?  We’ll talk about that later.)

[f] Then use the 180( degree fact to find the remaining angle.

[d] Check your work by using the law of sines to see if all the ratios of the side to the sine of the opposite angle really are the same.  .

Exercise 9:   For these given values : a=21.2 m, b=24.6 m, c = 12.0 m.
[a] Construct a careful diagram and solve by measurement.
[b] Use the law of cosines to find the largest angle. 

[c]  Finish solving the triangle. 

 [d] Check your work using the law of sines.

[Answers:
              [a]


Exercise 10. The Leaning Tower of Pisa (see the figure 

to the right) is 187 feet tall (measured along the 
side) and leans 10.0( to one side (the right side 

in this view.)  During work to stabilize it, a cable was attached to the top that made a 65.0( angle with the ground.  How long is this cable?  Assume all measurements have three significant digits. 


Exercise 11.  A ten-foot pole is leaned against the side of a monument 
built as an equilateral triangle.  The distance along the side of the monument 
from the ground to where the pole touches is measured to be 7.2 feet.  
What angle does the pole make with the ground? 
Assume all measurements have two significant digits.
[Answer: 39( (rounded to two digits from 38.575().
Check: 
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Exercise 12 — Find the length of the unknown side of these three triangles (all lengths in mm):


[a]


[b]



[c]

Exercise 13.  A triangle has sides 102 in, 72 in, and 40 in.  Solve this triangle and check your solution. [Answer: The sides of 102”, 72”, and 40” are opposite angles of 128.94(, 33.30(, and 17.76(, respectively.]
In Exercises 14-17, completely solve each triangle.  Start by finding the measurement labeled ?.

Ex. 14. 





Ex. 15.
     Ex. 16.





Ex. 17.
[Answers: [15] The ? angle ( 23.8(.  The other angle ( 35.2(.  The unknown side ( 94 feet.

     [17]  The ? angle ( 69.6(.  The angle opposite the 47-in side ( 61.8(.   The other angle ( 48.6(.]

Exercise 18.  We have a triangle with sides of 33 ft, 47 ft, and 72 ft.   Find the size of the largest angle. (Report the angle to three decimal places.)

Exercise 19.  We have a triangle with sides of 47 ft and 72 ft, and the angle opposite the side of 47 ft is 31.216˚.  The unknown side is shorter than either of the other sides.  Find the angle opposite the side of 72 ft.    (Report the angle to three decimal places.)
[Answer:  The angle ( 127.445(.  (A triangle with an angle of 52.555( matches the numerical values given, but its unknown side is longer than the other sides, so it doesn’t match all the requirements.)]
Additional practice.   See Trigonometry Part VI, pages 17 – 25 for additional practice problems.  The answers are on page 26.  
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The Law of Cosines is
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The altitude divides a general triangle into 2 right triangles.
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[b] angle B = 91.32( 


[c] angle A = 59.49(, angle C = 29.19(
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Measured as 2.3 inches, implying a full-scale value of 11.5 in.





Measured as 1.7 inches, 


  implying a full-scale 


    value of 8.5 inches





[b] angle C = 180( – 45.1( – 75.8( = 59.1( 


[c] side a = 8.42 inches


[d] side b = 11.52 inches
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