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Topic O.  Approximate Numbers, Part IV. Sensitivity of a Formula to Input Values - Graphs
Objectives:

1. Recognize that when computations are made with measurements or rounded numbers, any errors (from noise, rounding, or bias) may be significantly increased or reduced in a way that depends on how fast the output value is changing in the neighborhood of that particular input value.

2. Use a graph of a dataset or formula to identify where the result will be particularly sensitive, or particularly insensitive, to errors in the input or explanatory-variable values.
3. On a graph of a dataset or formula, sketch the tangent line to the curve at any point whose slope is the input sensitivity of the formula at that input value.  
Section 1 – Overview of Input Sensitivity:


Imagine that you are walking along a hilly path, going to specified positions as indicated by distance markers.  At each position you use an altimeter to report the height of the ground above sea level. Consider this question:  If the distance markers have small errors that put you in slightly wrong positions, how much error does that cause in the height you report (compared to the height at the correct position)?  How does this error depend on how far you are from the correct position?  What else does it depend on?
The critical insight here is that the sensitivity of the height to error in a position depends on the slope of the path near that position.  If the path is completely level in that area, being slightly in the wrong place will cause no height error at all.  But if you are near the edge of a cliff, a large height error could result from a small mistake in position.  If you are on smoothly sloping ground, the height error will be proportional to the slope, and it will also be proportional to the distance from the correct position.
Any graph that shows the result of a formula computation compared to its input value is analogous to the path (the x value is similar to the distance marker and the y value is similar to the height).  Errors in x values may come from several sources (noise, bias, or rounding), but they all will result in an error in y that depends on both the slope of the graph and the size of the error in x.
Just as with the path, this means that sometimes an input error causes very little output error (when the slope is close to flat) while other times a small input error can result in a much bigger output error (when the slope is steep).  Knowing how to find a formula’s slope therefore will enable you to know how much error to expect for different computational processes, which can be useful in several ways.

The numerical value for a slope is exactly what was discussed in the earlier topic on linear formulas:  the change in the y value divided by the corresponding change in the x value when a step is made in the input x value.  The only difference is that for non-linear formulas, we need to use small steps in x since the slope changes in different parts of the graph.  (For a straight line, the slope is the same at all points on the graph, so the size of the step doesn’t matter.)  When used in a measurement-analysis context, the slope is called the input-error sensitivity of the result

How small a step should be taken to find the slope for a formula at some input value?  In general, smaller steps are better, but all steps smaller than a certain size will give very similar values for the computed slope.  Most often a step of one degree works well for trigonometric functions and a step that is roughly one percent of the range of input values works well for other situations.  In any case, it is easy to check is the step is small enough – double it and see if the calculated slope stays very nearly the same.
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Answers to Example 1:

[a] Being late will cause an overestimate where the temperature is increasing, so the answer must be during the period from about 8 am to 4 pm, where the graph is noticeably rising.  The biggest mistakes will happen where the slope of graph is steepest at about 12 hours after midnight, which is noon.


[b] A 10-minute delay will cause the smallest error in measurement when the temperature is changing most slowly.  This will be where the graph of the temperature is nearly level, which in this case at about 7 am (when the temperature has stopped falling and is about to start rising) and 5 pm.(when the temperature has stopped rising and is about to start falling).
Section 2 – Input Sensitivity from Graphs of Formulas
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Answers to Example 2:

[a] The slope of the graph of the formula is clearly much steeper at 2 mm than at 1 mm.  This means that the weight is more sensitive to errors in diameter measurement at 2 mm than at 1 mm.

[b] If the diameter measurement is underestimated by 0.1 mm, this has the effect of ignoring the outermost 0.1-mm-thick shell of lead.  Since that shell will be much bigger (actually, about 4 times as heavy) for a 2-mm ball than for a 1-mm ball, any error in diameter will have more effect on the weight.
Section 3.   Formulas

In order to compute the input sensitivity or estimate it from a graph of a formula, we must first have a formula.  Some of the homework, quiz problems, and test problems will ask you to find the input sensitivity in trigonometry calculations.   Notice that it is crucial that you have the formula for the unknown value in order to examine the input sensitivity.   Although the examples did find the formula first, and in the homework you were asked to find the formula first before finding a numerical answer, some students may have neglected that step.    Please look back at Topic L. Trigonometry, Part II, at  Examples 1 – 4 to notice the formula that was derived first in each, before giving a numerical answer.   If you are not completely comfortable with deriving those formulas from the trig ratios, please practice more before continuing.
Section 4 – Enrichment Material on Slope and Nonlinear Graphs

The mathematical idea of slope, which we originally introduced for straight lines, turns out to be useful in a great variety of mathematical situations.  As shown in this lesson, it is possible to compute the slope even for formulas whose graphs are not straight lines.  However, these non-linear formulas typically have a different slope at every point.

As the earlier sections show, there are two ways of thinking about slope – graphical and numerical.  These are connected by the idea of a tangent line*.  A tangent to a graph is the straight line that passes through a point on the graph and has the same slope that the formula of the graph has at that point.  Usually this means that the line “touches” the graph but does not cross it.  The illustration below shows a tangent line at x = 1.5 mm for the volume-diameter formula used in Example 2.
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* NOTE: The tangent line is not the same as the trigonometric tangent ratio, although the ideas are related in several ways (which is why the same term is used in describing them).  The slope, like the trigonometric tangent, is the ratio of two sides of a right triangle.  Also, the main geometric way of constructing a length proportional to the tangent ratio uses straight lines that are tangent to a circle (that is, they just graze the circle, touching it but not going inside).
Important fact about smooth graphs:   If you “zoom in” and look at a small portion of the graph, it looks close to linear.     So you can approximate a graph in that region by a straight line.   And you can estimate how fast the graph is changing by how steep the straight line is – that is, by the slope of that straight line.

Limitations to the use of the slope concept:  The idea of the slope of a formula depends on the fact that graphs of formulas become almost straight when only a very small portion is examined.  In the rare cases this does not happen – such as when a graph has a sharp corner at the point being considered – the slope is not defined for such discontinuous points.  The idea of slope also is not clearly defined for measurement datasets – slope is a property of the trendline formula, not of the measurements, since nearby measure​ment points might give very different and unstable slope values due to noise.  This difficulty does not arise with formulas, which is one reason trendline formulas are so useful.


Graphs of the slope of a formula:  If a formula is sampled regularly over a range (in the way that is often done to provide enough points for a smooth graph), the sequence of formula values can be used to compute the approximate slope at each point, which can then also be graphed.  When this “derivative” graph crosses the x axis (i.e., when the slope of the original graph becomes zero), this indicates the position of a minimum or maximum on the original graph.  Look at the example below of the graph from Example 2 and the graph of its slope.  There is no new information, but the “derivative” graph showing the slope makes it easier to see that the temperature was changing most rapidly at noon.  It is also easier to read the times at which the derivative graph crosses the x-axis than to decide the exact location of the top or bottom of the peak.  
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A mathematical investigation of how the slope of a formula is related to its other properties (such as the area of the region between its graph and the x-axis) is the subject matter of introductory calculus courses.


Two-dimensional slope:  Some formulas have two or more input variables.  This makes computing slope more complicated, but the basic idea is the same.  For two parameters, the graph of the formula will be a “hilly” surface rather than just a curved line, and the slope is based on a tangent plane rather than just a tangent line.  The implication for error sensitivity is still the same – errors in the input parameters will be magnified when the slope is steep, but will not affect the result so much when the tangent plane is close to level.
Exercises:

Part I.

1 – 2:  Repeat examples 1 and 2  from the topic.
Part II.  
3. For the formula 
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.   Using your graph, determine whether the formula is more sensitive to small changes in input near 
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4.  For the formula 
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.   Using your graph, determine whether the formula is more sensitive to small changes in input near 
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5. For the formula 
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.   Using your graph, determine whether the formula is more sensitive to small changes in input near 
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.  Explain how you determined it.  
6. For the formula 
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.   Using your graph, determine whether the formula is more sensitive to small changes in input near 
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7.  For the formula 
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.   Using your graph, determine whether the formula is more sensitive to small changes in input near 
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8.  For the formula 
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.   Using your graph, determine whether the formula is more sensitive to small changes in input near 
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.  Explain how you determined it.

9. Using the graph in Example 1, state at about what time of day a delay of 10 minutes in taking the measurement would result in the greatest underestimate of the temperature at the correct time.  

10. Use a spreadsheet to graph 
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  on another sheet.    
(Formula for B2    =SIN(RADIANS(A2))     or     = COS(RADIANS(A2))   )  
a.  Are the computed values for the sine more sensitive to small changes in the input values near 
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b. Are  the computed values for the cosine more sensitive to small changes in the input values near 
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c.  Is the difference between these two answers due to the fact that one graph is decreasing and the other is increasing, or is there something different?  If it is something different, please describe what is relevant to this question on the graphs.

11. We want to compute the input-error sensitivity of the formula for the area of a square given the length of the side. 

a. (Recall that Area = length * width and that since it is a square the length and width are the same, so  A = s2, where s is the length of a side.)

b. Graph the formula for the area for the range of side lengths of 0 to 20 mm.  In choosing your input values, choose some values very near 3 mm and some values very near 16 mm and some values in between. (Maybe 0, 2.7, 3, 3.3, 5, 7, 9, 11, 13, 15, 15.7, 16, 16.3, 18, 20)  

c. On your graph, sketch a straight line whose slope gives the error/ measurement sensitivity of the area for side values near 3 mm.

d. On your graph, sketch a straight line whose slope gives the error sensitivity of the area for side values near 16 mm.

12. The landing speed S , in feet per second, of a particular type of small plane can be modeled by the formula 
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 where w is the weight in pounds of the plane.  

a. Graph the formula for the landing speed for the range of weights of 0 to 12,000 lbs.  

b. On your graph, sketch a straight line whose slope gives the input-error sensitivity of the landing speed for weights near 1000 lbs.

c. On your graph, sketch a straight line whose slope gives the input-error sensitivity of the landing speed for weights near 10,000 lbs.

13. The mathematical model for the concentration of a particular drug in a patient’s blood is given by the formula 
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 where t is the number of hours after the patient takes the medicine and C is the concentration in milliliters per liter of blood.  Consider the range of times from t = 0 hours to t = 8 hours.    The hospital personnel are supposed to take blood samples every hour, on the hour, to determine what the concentration in this patient’s blood is.  However, sometimes their timing is off by as much as 10 minutes.   Would that cause more inaccurate readings at sometimes than at others?  If so, when would it cause the most inaccurate readings?   Justify your answer. 


Example 1: Hourly Temperature


The graph to the right shows how the average air temperature varies, based on measurements taken each hour throughout the day.  


[a] For this graph, at what time would being 10 minutes late in measuring the temperature result in the largest overestimate?


[b] At what times would taking the measurement 10 minutes late make almost no difference in the measured temperature?








Example 2: Weight and diameter


The shot used in shotgun shells is made of round balls of lead.  If the diameter is expressed in millimeters, the weight of each ball in milligrams can be computed by the formula


� EMBED Equation.DSMT4  ���


[a] If the weight of a shot piece is being computed by measuring its diameter, will the computation be more sensitive to error in diameter measurement at 1mm or 2 mm?


[b] What is the physical meaning of the increased sensitivity at 2 mm?





This line is tangent to the graph of the diameter-weight formula at the point where the diameter is 1.5 mm.
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