MATH 1333.  Error Propagation                                                  Short presentation for SET, January 15, 2009

Mary Parker 

Problem 1.  Error propagation in a right-triangle problem

The ground is level around a tower.  The angle from the ground to the top of a tower is 70(, rounded to the nearest degree, and the point on the ground is 32 feet from the base of the tower, rounded to the nearest foot.  How tall is the tower?  

1. Make a rough diagram, label the sides and angles, and write a formula to use to find the answer.

2. Use that formula to find the answer and write the result correct to at least five decimal places.

3. Report the height of the tower with three decimal places.

4. Report the height of the tower using the method of significant digits.  (That is, report the answer with no more precision than the least precise number that was used to compute it.)    
5. The answer using significant digits is one rounded number.  Give the interval of actual possible values for the hypotenuse that is implied by that rounded number.
  

6. For each of the measurements underline the significant digits and find the interval of actual values consistent with that rounded value.

7. Use the method of error propagation to give an interval of possible values for the height of the tower.     Fill in this table by putting the appropriate values for the angle across the top, the values for the side down the left, and the computed values for the height of the tower in the middle.

	                         angle 

side
	
	

	
	
	

	
	
	


8. If a person really cared about having careful, accurate information about the height of the tower, which of these methods of reporting the answer do you think they would prefer?

9. Suppose that you have enough resources available to do one of these:  measure the angle correct to the nearest tenth of a degree or to measure the length correct to the nearest foot.  You can’t do both.   Which one of these would enable you to do a give a more precise answer for the height of the tower?   (Or would they be approximately the same?)  Explain.  

There is more than one way you can do this.  One is to actually do more computations.   Do that if you can’t decide on another way.   
Problem 2.  Input sensitivity 
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For this graph, at what time would being 10 minutes late in measuring the temperature result in the largest overestimate?
General comment:

When we were developing this course, one of our main considerations was to teach students to think with the math they knew.  So we picked topics and modes of presentation to try to encourage the students to use multiple approaches, to check their answers, and to try to make sense of what they are seeing rather than to just “plug and chug.”   My main goal here today is to illustrate some of the ways we do this.
How these fit into the course:
These activities are in approximately the seventh week of the 16-week course.  Relevant topics from earlier in the course are:
1. Find the interval of actual values that can be represented by a particular rounded number.  (Examples:  different intervals for 12 and 12.00)  
2. Underline the significant digits in a number if they know the rounding precision or if they use the implied rounding precision of the number.  (Examples: 102.1    12.00  and  13,000)   
3. Use the method of error propagation to give an interval of possible actual values (a) when multiplying a rounded number by a constant, (b) when adding two approximate numbers, and (c) when subtracting two approximate numbers.  

4. (Reviewed how to) solve linear equations and proportional equations
5. (Reviewed how to) write linear equations and linear models, interpret slope, etc.
6. Solve various geometry problems by making a careful diagram and measuring on that diagram.  These include most of the types of triangle problems we will later solve with trig.   Also we introduce bearing in navigation (both compass quadrant S 68º E and azimuth  112º).

7. Solve right triangles using the sine, cosine, and tangent functions.

8. Use some of the rules of significant digits to round answers to applied problems. 
 (I don’t push very hard on their learning the nuances of these rules.  I tell them the basic rules and then, in all examples, show them how the example would be answered using the method of significant digits.   We talk more about the nuances of significant digits later in the semester because I want them to feel comfortable reading results when people use them.  But since the method of significant digits is only a rough approximation to what one really wants to know, I think it is best not to emphasize it too much.)  

I gave a talk on some aspects of this course at the Joint Math Meetings on January 7, 2009.  If you want to see more about the course, including all the textbook materials, daily handouts, and daily quizzes, from Fall 2008, look at the website for that talk:  http://www.austincc.edu/mparker/jmm09/

Answers:  

Problem 1.  Error propagation in a right-triangle trig problem.


1.



	2.  
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3.  So the height is 87.919 ft, rounded to three decimal places.
	 4.  Significant digits: 88 feet 
5.  The significant digits method implies that the height is between 87.5 and 88.5 feet. 
6. .  The range of actual values for angle A is 69.5˚ to 70.5˚.  The range of actual values for side b is 31.5 ft to 32.5 ft.  


7.  Use the formula four times to compute the length of side a  for four different sets of measurements.  

	
	A = 69.5(
	A = 70.5(

	b = 31.5 ft
	Computed a = 84.25
	Computed a = 88.95

	b = 32.5 ft
	Computed a = 86.93
	Computed a = 91.78


Thus, the length of side a is between 84.25 ft and 91.78 ft.
General comment 1:  As we learned earlier in the semester, the largest computed value does not always come from the largest input values.  That depends on the operations / formulas.  Recall subtraction in Topic I.  So you really do need to do all four of these.  
8. The result from the error propagation method is based on the actual precision of the given measured angle and length and so is the correct answer to the question of what interval of actual values is possible for the computed length, given the measured angle and length.   

The result from the method of significant digits implies too much precision in the computed length because the interval is so narrow, but at least it does imply some imprecision, and is definitely preferable to the method of just arbitrarily rounding the result to three decimal places, which would imply too much precision here.
General comment from the teacher:   The method of significant digits will not always imply too much precision.  Whether it implies too much or too little depends on the actual formula involved and which numbers are being used.    See the next section on input sensitivity for more details. 

9.  Making the answer more precise means making the interval shorter.  In the table for number 7, notice that there is a larger interval as you read across ( 84 to 89 and 87 to 92) than as you read down (84 to 87 and 89 to 92).  So you could narrow the overall interval which is the result more by making the larger interval smaller.  That would require having a smaller interval of values for the angle.  So here we should measure the angle more accurately.  
You could also find this result by making two new tables and their resulting intervals like those in number 7.  In one of those tables use the angle rounded to the nearest tenth of a degree and the side rounded to the nearest foot.   In the other of those tables, use the angle rounded to the nearest degree and the side rounded to the nearest tenth of a foot.  Then see which table gives the narrower interval.  

	
	69.95
	70.05
	
	
	69.5
	70.5

	31.5
	86.31
	86.78
	
	31.95
	85.45
	90.22

	32.5
	89.05
	89.54
	
	32.05
	85.72
	90.51


Notice that measuring the angle more precisely gives a height of 86.31 to 89.54 and measuring the side more precisely gives a height of 85.45 to 90.51.   So we get a more precise answer for the height by measuring the angle more precisely.
Answers:    Problem 2.  Input Sensitivity
Being late will cause an overestimate where the temperature is increasing, so the answer must be during the period from about 8 am to 4 pm, where the graph is noticeably rising.  

The biggest mistakes will happen where the slope of graph is steepest at about 12 hours after midnight, which is noon.
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