
Topology vs. Geometry

Imagine a surface made of thin, easily stretchable rubber.  Bend, stretch, twist, and deform 
this surface any way you want (just don't tear it).  As you deform the surface, it will change in 
many ways, but some aspects of its nature will stay the same.  For example, the surface at the 
far left, deformed as it is, is still recognizable as a sort of sphere, whereas the surface at the 
far right is recognizable as a deformed two-holed doughnut.  The aspect of a surface's nature 
which is unaffected by deformation is called the topology   of the surface.  Thus the two 
surfaces on the left have the same topology, as do the two on the right, but the sphere and 
the two-holed doughnut surface have different topologies: no matter how you try, you can 
never deform one to look like the other.  (Remember, cutting a surface open and regluing it to 
resemble the other is not allowed.)
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A surface's geometry   consists of those properties which do change when the surface is 
deformed.  Curvature   is the most important geometric property.  Other geometric properties 
include area, distance and angle.  An eggshell and a ping-pong ball have the same topology, but 
they have different geometries.  (In this and subsequent examples, the reader should idealize 
objects like eggshells and ping-pong balls as being truly two-dimensional, thus ignoring any 
thickness the real objects may possess.)



EXERCISE 1:  Which of the surfaces below have the same topology?



If we physically glue the top edge of a square to its bottom edge and its left edge to its right 
edge, we get a doughnut surface.  The flat torus and the doughnut-surface torus have the 
same topology.  They do not, however, have the same geometry.  The doughnut surface is 
curved while the flat torus   is obviously flat.  We have to deform the flat torus to get it to 
look like the doughnut surface.

Intrinsic vs. Extrinsic Properties

The figure below shows how to put a twist in a rubber band.  From our viewpoint, the twisted 
band is topologically different from the original untwisted one.  In contrast, imagine how a 
Flatlander living in the band itself would see the cut-twist-and-reglue procedure.  His whole 
world is the band; he has no idea that three-dimensional space exists.  Thus he has no way to 
detect the twist.  He sees the band get cut and--after a pause--get restored exactly to its 
original condition!

 
Twist

 Reglue

The intrinsic topology   of the band has not changed, although its extrinsic topology  --the way it's 
embedded in three-dimensional space--has changed.  In general, two surfaces have the same 
intrinsic topology if Flatlanders living in the surfaces cannot (topologically) tell one from the 
other.  Two surfaces have the same extrinsic topology if one can be deformed within three-
dimensional space to look like the other.

Exercise 2:  Modify the cut-twist-and-reglue procedure so that both
the intrinsic and the extrinsic topology of the band change.



Exercise 3: All the surfaces below have the same intrinsic topology.
Which have the same extrinsic topology as well?

The intrinsic/extrinsic distinction also applies to the geometry of a surface.  As an example, 
take a sheet of paper and bend it into a half-cylinder as shown below. The extrinsic geometry   of 
the paper has obviously changed. But the paper itself has not been deformed--its intrinsic 
geometry   has not changed. In other words, a Flatlander living in a sheet of paper could not 
detect whether the paper was curled or not.

Here's an experiment to illustrate the above idea:  Mark two points on a (flat) sheet of paper, 
and draw a straight line connecting them.  The line represents the shortest path between the 
points on the flat paper.  Now, roll the paper into a cylinder (tape or glue it in position if 
necessary).  Get a piece of thread, and wrap it around the cylinder from one point to the other. 
The thread will lie directly over the line you drew, indicating that the shortest path on the 
cylinder is the same as the shortest path on the flat paper.  This is not surprising, because the 
"flat" paper and the "curved" cylinder both have the same intrinsic geometry.



Exercise 4:
You can roll a piece of paper into a cylinder without deforming the paper.
Can you also roll it into a cone without deformation?
Can you wrap it onto a basketball without deformation?
What does this tell you about the intrinsic geometries of the paper,
the cylinder, the cone, and the basketball?

Figure 3.7 shows three surfaces with different intrinsic geometries. A Flatlander could compare 
these surfaces by studying the properties of triangles drawn on them. (The sides of a triangle 
are required to be intrinsically straight in the sense that they bend neither to the left nor to 
the right.  A Flatlander finds an intrinsically straight line the same way we do in our universe--by 
pulling taut a piece of thread or seeing how a beam of light travels.  An intrinsically straight line 
is called a geodesic  .)  On the hemisphere, the sum of the angles of any triangle is greater than 
180 degrees. For example, the triangle shown in the figure has all its angles equal to 90 degrees, 
so its angle-sum is 90 + 90 + 90 = 270 degrees. In the plane, on the other hand, every triangle has 
angle-sum exactly equal to 180 degrees.  Finally, in the saddle surface, all triangles have angle-
sum less than 180 degrees.  So a Flatlander could determine experimentally which surface he 
lived in:  just lay out a triangle and measure its angles!

Being three-dimensional, we can contemplate both the intrinsic and extrinsic properties of a 
surface. A Flatlander does not have this option. His two-dimensional universe is all that's real 
and perceptible to him, so he naturally adopts an intrinsic viewpoint. For example, a Flatlander 
raised on a torus would have a very good intuitive understanding of what a torus is like, 
assuming of course that a trip across the torus was short enough to be an everyday sort of 
thing. He would know intuitively that if he were going into the city, and then out to visit his 
aunt, and then home again, that it would be quicker to keep going in the same direction than to 
retrace his route.

Exercise 5:  Imagine living in a three-torus universe where, after visiting
friends in one galaxy, and doing a little exploration in another, it's
faster to keep on going to get home rather than turning back.

When it comes to understanding three-dimensional manifolds, we are like Flatlanders.  We do 
not perceive or visualize more than three dimensions, so we naturally adopt an intrinsic 
viewpoint.  To learn how to study three-dimensional manifolds, we will first learn to study 
surfaces intrinsically.  We will ignore all extrinsic properties of a surface. (For example, we'll 
ignore the twist in the rubber band of Figure 3.4, and we'll ignore the bend in the sheet of paper 
of Figure 3.6.)

Here's a philosophical comment:  Even if the universe connects up with itself in funny ways (if 
it's a three-torus, for example), this doesn't mean that it curves around in some four-
dimensional space.  This is the essence of the intrinsic viewpoint:

A manifold exists in and of itself.
It does not need to live in a higher-dimensional space.


